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Whether at the zero spin density m = 0 and finite temperatures T > 0 the spin stiffness of the spin-1/2 XXX
chain is finite or vanishes remains an unsolved and controversial issue, as different approaches yield contradictory
results. Here we explicitly compute the stiffness at m = 0 and find strong evidence that it vanishes. In particular,
we derive an upper bound on the stiffness within a canonical ensemble at any fixed value of spin density m that
is proportional to m2L in the thermodynamic limit of chain length L → ∞, for any finite, nonzero temperature,
which implies the absence of ballistic transport for T > 0 for m = 0. Although our method relies in part on
the thermodynamic Bethe ansatz (TBA), it does not evaluate the stiffness through the second derivative of the
TBA energy eigenvalues relative to a uniform vector potential. Moreover, we provide strong evidence that in the
thermodynamic limit the upper bounds on the spin current and stiffness used in our derivation remain valid under
string deviations. Our results also provide strong evidence that in the thermodynamic limit the TBA method used
by X. Zotos [Phys. Rev. Lett. 82, 1764 (1999)] leads to the exact stiffness values at finite temperature T > 0 for
models whose stiffness is finite at T = 0, similar to the spin stiffness of the spin-1/2 Heisenberg chain but unlike
the charge stiffness of the half-filled 1D Hubbard model.
DOI: 10.1103/PhysRevB.92.165133 PACS number(s): 75.10.Pq, 72.25.−b, 75.40.Gb, 75.76.+j
I. INTRODUCTION
One-dimensional (1D) correlated lattice systems with L
sites show exotic spin transport properties at finite temperature
T > 0 whose nature has been a problem of long-standing
both theoretical [1–20] and experimental [21–27] interest.
Often, integrable quantum systems show dissipationless bal-
listic transport behavior. The real part of the corresponding
conductivity as a function of the frequency ω and temperature
T has then a singular dc (ω = 0) contribution,
σ (ω,T ) = 2π D(T ) δ(ω) + σ reg(ω,T ) . (1)
The stiffness, D = D(T ), is directly related to the time
average of the current-current correlation function as
D(T ) = 1
2LT
lim
t→∞
1
t
∫ t
0
dt ′〈 ˆJ z(t ′) ˆJ z(0)〉 . (2)
(Here and in the following, angle brackets denote thermal
average.) Hence ballistic D(T ) > 0 transport means the
correlation functions do not completely decay in time so their
time average is nonvanishing.
Integrable models are characterized by having a set of
orthogonal commuting conserved quantities ˆQj such that
〈 ˆQj ˆQj ′ 〉 = δj,j ′
〈
ˆQ2j
〉
. (3)
They provide an exact lower bound for D encoded in an
inequality due to Mazur [28]:
D(T )  1
2L
∑
j
〈 ˆJ z ˆQj 〉2〈
ˆQ2j
〉 . (4)
Here the summation runs over all linearly extensive conserved
quantities ˆQj for which 〈 ˆQ2j 〉 ∝ L, local and quasilocal
[13,19,29]. The importance of accounting for both local and
quasilocal linearly extensive conserved quantities is confirmed
by the recent studies of Ref. [30]. These show that a generalized
Gibbs ensemble, implemented using only the local conserved
conserved quantities, fails to reproduce the exact quench-
action steady state or to predict correctly the postquench
equilibrium expectation values of physical observables.
The anisotropic spin-1/2 Heisenberg XXZ chain with
anisotropy parameter   0 and exchange integral J is
described by the Hamiltonian
ˆH = J
L∑
j=1
(
ˆSxj
ˆSxj+1 + ˆSyj ˆSyj+1 +  ˆSzj ˆSzj+1
)
, (5)
and is a paradigmatic example of an integrable strongly
correlated system. Here, ˆSx,y,zj are components of the spin-1/2
operators at site j = 1, . . . ,L. The related total spin operators,
ˆSτ =
L∑
j=1
ˆSτj ; ˆS
± =
L∑
j=1
ˆS±j , (6)
where ˆS±j = ˆSxj ± i ˆSyj , will play an important role in our study.
Based on the lower bounds provided by Mazur’s inequality,
Eq. (4), it is known that the XXZ chain exhibits ballistic spin
transport at finite temperatures provided that the spin density
m is finite, m = 0. On the other hand, at the zero spin density
m = 0, the spin current operator has no overlap with any
of the infinitely many local conserved quantities responsible
for integrability, so that the use of Mazur’s inequality is
inconclusive.
Recently, exact high-temperature results by one of us rely-
ing on the model’s deformed symmetries and corresponding
quasilocal conserved operators, i.e., nonlocal operators Z for
which 〈Z†Z〉 ∝ L [31,32], provided exact estimates for the
spin stiffness at m = 0 [19]. Interestingly, for  = cos(π/l),
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l integer, this lower bound—going to 0 as l → ∞ ( → 1)—
equals the spin-stiffness expression of Refs. [4,9], which was
derived by the original representation of the thermodynamic
Bethe ansatz (TBA) [33]. This confirms that the TBA accounts
for both local and quasilocal linearly extensive conserved
quantities.
However, the isotropic point at  = 1 (the spin-1/2 XXX
model) [34] is the most experimentally relevant for the spin-
lattice relaxation rate and other physical quantities [12,22,23].
It is also the case that poses the most challenging technical
problems for theory. For instance, close to the isotropic point,
the numerical investigation of the spin stiffness expressions
within the TBA [35] calculating it from the eigenvalues of
the Hamiltonian in a uniform vector potential without the
knowledge of matrix elements is difficult since the number
of equations to solve diverges [4]. Whether at m = 0 and
nonzeroT > 0 the spin stiffness vanishes or is finite remains an
unsolved problem, as different approaches yield contradictory
results.
On the one hand, several approaches (such as those used
in the studies of Refs. [5,7,9,16,17]) lead to a finite value
for the spin stiffness. On the other hand, the studies of
Ref. [12] show that transport at finite temperatures is dom-
inated by a diffusive contribution, the spin stiffness being
very small or zero. Such studies exclude the large spin
stiffness found in Ref. [9] by a phenomenological method that
relies on a spinon and antispinon pseudoparticle basis for the
TBA. The infinite-temperature result of Ref. [14] (based on a
nonequilibrium open system approach) suggests that the XXX
chain exhibits anomalous subballistic spin transport. The TBA
results of Refs. [3,4] find a vanishing spin stiffness for zero
spin density. The more recent results of Ref. [15] reached the
same conclusion by combining several techniques.
In this paper, we provide insights that partially resolve the
above unsolved problem concerning the spin stiffness for spin
1/2 XXX chain in the thermodynamic limit (TL) L → ∞.
Specifically, we find that it vanishes as m → 0 within the
canonical ensemble for fixed total spin projection Sz (note that
m = −2Sz/L), including Sz = 0, at least as fast as
DSz (T )  4c J
T
(Sz)2
L
= c J
T
m2L , (7)
where c is an L,Sz,T -independent constant. A similar result is
also reached for a canonical ensemble near the fully polarized
sector of maximal spin density m = 1,
DSz (T )  c
′J
T
(1 − m)2L , (8)
where c′ is another constant.
That our results partially resolve the stiffness behavior
of the spin-1/2 XXX model as m → 0 stems in part from
the fact that they leave out, marginally, the grand canonical
ensemble in which 〈m2〉 = O(1/L). However, our study relies
onto a stiffness upper bound whose derivation involves a large
overestimation of the elementary currents carried by the energy
and momentum eigenstates. Hence accounting for the usual
expectation of the equivalence of the canonical and grand
canonical ensembles in the TL, we expect that our results
remain valid in the latter grand canonical case.
Although our method relies in part on the TBA, it accounts
for the effects of complex-rapidity string deviations [36–40]
and does not access the stiffness through the second derivative
of the energy eigenvalues of the TBA relative to a uniform
vector potential along the chain piercing the ring [4]. Our
results provide strong evidence that the problem is not the
TBA but rather how to use the TBA for each specific solvable
model.
The remainder of the paper is organized as follows. The
Sz = 0 spin stiffness and the introduction of some operator
algebra useful for the studies of this paper are the issues
addressed in Sec. II. In Sec. III, the quantum numbers that label
the energy eigenstates are related to the model L spins 1/2
configurations. The spin current operator expectation values
are expressed in Sec. IV in terms of the quantum numbers
of the corresponding energy and momentum eigenstates.
Furthermore, the fixed-S subspaces are divided into reduced
subspaces for which the largest absolute values of the spin
currents are determined. In Sec. V, an upper bound for the
largest absolute value of the spin current is introduced for
each fixed-S subspace. Two upper bounds for the spin stiffness
that follow from the optimization of the spin current in each
such subspace are derived in Sec. VI. Finally, the concluding
remarks are presented in Sec. VII.
II. THE Sz = 0 SPIN STIFFNESS AND SOME USEFUL
OPERATOR ALGEBRA
We consider the spin-1/2 XXX chain Hamiltonian with
periodic boundary conditions, which is given by expression
(5) at the isotropic point,  = 1,
ˆH = J
L∑
j=1
ˆ	Sj · ˆ	Sj+1
= J
2
L∑
j=1
(
ˆS+j ˆS
−
j+1 + ˆS+j+1 ˆS−j + 2 ˆSzj+1 ˆSzj
)
. (9)
The key to our analysis will be to exploit the SU (2)
symmetry, [ ˆH, ˆSτ ] = 0, τ ∈ {x,y,z}, with the spin operators
ˆSτ and ˆH given in Eqs. (6) and (9), respectively. The energy
eigenstate’s spin and spin projection are denoted by S and Sz =
−(N↑ − N↓)/2, respectively. For the so-called highest/lowest-
weight-states (HWSs/LWSs) of the SU(2) algebra, we have
S = Sz/S = ±Sz. [The sign choice in the expression Sz =
−(N↑ − N↓)/2 is the same as in Ref. [35], for which N↑  N↓
for a LWS.]
The vector of spin current operators satisfying continuity
equation, can be written as
ˆ	J =
L∑
j=1
ˆ	Jj , (10)
where
ˆJ τj = 2J
∑
α,β

ταβ ˆS
α
j
ˆS
β
j+1,
(11)
i[ ˆH, ˆ	Sj ] = ˆ	Jj+1 − ˆ	Jj .
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The z component of the current ˆ	J ,
ˆJ z = −i J
L∑
j=1
( ˆS+j ˆS−j+1 − ˆS+j+1 ˆS−j ) , (12)
plays an important role in our study.
We may introduce a set of L operators ˆS+k and a correspond-
ing set of L operators ˆS−k = ( ˆS+k )† labelled by momentum
coordinates k = 0, ± 2π/L, . . . , ± π ,
ˆS+k =
1√
L
L∑
j=1
eikj ˆS+j ; ˆS
+
j =
1√
L
π∑
k=−π
e−ikj ˆS+k . (13)
The Hamiltonian, Eq. (9), and spin current operator, Eq. (12),
can be written in terms of such operators as
ˆH = J
π∑
k=−π
(cos k) ˆS+k ˆS−k + J
L∑
j=1
ˆSzj+1 ˆS
z
j (14)
and
ˆJ z = 2J
π∑
k=−π
(sin k) ˆS+k ˆS−k , (15)
respectively.
The LWSs and the non-LWSs generated from them used in
our analysis are energy and momentum eigenstates. They are
also eigenstates of ( ˆ	S)2 and ˆSz with eigenvalues S(S + 1) and
Sz, respectively. We thus denote all 2L energy and momentum
eigenstates by |lr,S,Sz〉. Here lr stands for all quantum numbers
other thanS andSz needed to specify an energy and momentum
eigenstate, |lr,S,Sz〉. The non-LWSs are generated from the
corresponding ns = S + Sz = 0 LWS |lr,S, − S〉 as
|lr,S,Sz〉 = 1√C (
ˆS+)ns |lr,S, − S〉 , (16)
where
C = (ns!)
ns∏
j=1
( 2S + 1 − j ) ; ns = 1, . . . ,2S . (17)
Within the canonical ensemble description of a 1D corre-
lated system, the spin stiffness for T > 0 can be written in
terms of a summation over current matrix elements between
energy eigenstates as [10]
D(T ) = 1
2T L
∑
ν
pν
∑
ν ′(
ν=
ν′ )
|〈ν| ˆJ z|ν ′〉|2 , T  0 . (18)
Here the Boltzmann weight and the partition function read
pν = e−
ν/T /Z and Z =
∑
ν e
−
ν/T
, respectively.
For largeL, there are two temperature regimes: (i)T smaller
and (ii) T larger than the energy eigenstate level spacing [2]. In
the limit L → ∞, the temperature regime (i) shrinks to T = 0,
while the temperature regime (ii) includes all of T > 0.
In regime (i), (T = 0), D(0) is finite and is given by
D(0) = J/(2π ) [41]. On the other hand, in regime (ii) (T > 0),
the stiffness expression, Eq. (18), simplifies in the TL, provided
that one chooses the energy eigenstates to be also momentum
eigenstates. In Appendix A, in addition to deriving the
general expression for the spin current energy and momentum
eigenstates used in later sections of this paper, we justify why
one finds that the expression of D(T ) in terms of energy
and momentum eigenstates involves only current expectation
values [2,42]. This justification involves accounting for the
vanishing of the persistent currents in the TL [43] and noting
the exact cancellation of some contributions by summing
over momentum k and −k subspaces. The general expression,
Eq. (18), then simplifies to
D(T ) = 1
2T L
∑
ν
pν |〈ν| ˆJ z|ν〉|2 , T > 0 . (19)
Within the canonical ensemble at fixed value of Sz we can
therefore exactly define the spin Drude weight DSz (T ) at finite
temperature and in the TL in terms of our representation, Eq.
(16), for the energy and momentum eigenstates as
DSz (T ) = 12T L
∑
lr
L/2∑
S=|Sz|
plr,S,Sz |〈lr,S,Sz| ˆJ z|lr,S,Sz〉|2 .
(20)
Here the Boltzmann weights plr,S,Sz and the partition function
ZSz should be defined with respect to sums over all ( LL/2−Sz )
energy and momentum eigenstates with fixed Sz. In this and all
following expressions for the stiffness, the sums over S always
increase in steps of 1, whereas Sz and S have to be integers
(half-odd integers) for even (odd) L.
The commutators,
[ ˆJ z, ˆS±] = [ ˆSz, ˆJ±] = ± ˆJ± ; [ ˆJ±, ˆS∓] = ±2 ˆJ z,
[ ˆJ z, ˆSz] = 0 ; [ ˆJ z,( ˆ	S)2] = ˆJ+ ˆS− − ˆS+ ˆJ− , (21)
which follow directly from SU(2) algebra for the spin
operators, play a major role in our study. Here in addition
to its z component, Eq. (12), the other two SU(2) symmetry
operator components ˆJ± of the current read
ˆJ+ = ( ˆJ−)† = 2i J
L∑
j=1
( ˆS+j ˆSzj+1 − ˆS+j+1 ˆSzj ) . (22)
The S > 0 LWSs |lr,S, − S〉 and the S = Sz = 0 states
(which are simultaneously LWSs and HWSs |lr,0,0〉) used in
our operator algebra manipulations obey the well-known trans-
formation laws ˆS−|lr,S,0〉 = 0 and ˆS+|lr,0,0〉 = ˆS−|lr,0,0〉 =
0, which follow straight-forwardly from the corresponding
SU(2) symmetry operator algebra.
To derive useful exact relations involving the current
expectation values 〈lr,S,Sz| ˆJ z|lr,S,Sz〉 that appear in the
T > 0 spin stiffness expression, Eq. (20), we consider in the
following some more general current matrix elements between
energy, momentum, and ( ˆ	S)2 eigenstates, 〈lr,S,Sz| ˆJ z|l′r,S ′,Sz〉,
given by
〈lr,S,Sz| ˆJ z|l′r,S ′,Sz〉
= 1√CC ′ 〈lr,S, − S|(
ˆS−)ns ˆJ z( ˆS+)n′s |l′r,S ′, − S ′〉. (23)
Here the normalization constants are given in Eq. (17), and
we have accounted for the vanishing of the commutator
[ ˆJ z, ˆSz] = 0, Eq. (21), so that the current operator connects
only states with the same Sz value. For lr = l′r and S = S ′,
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〈lr,S,Sz| ˆJ z|l′r,S ′,Sz〉 refers to the current expectation values in
Eq. (20).
We start by considering a class of current matrix elements
〈lr,S,Sz| ˆJ z|l′r,S,Sz〉 between states with the same arbitrary
S  1/2 and Sz values. The following general result is valid
for S  1/2,
〈lr,S,Sz| ˆJ z|l′r,S,Sz〉 = −
Sz
S
〈lr,S, − S| ˆJ z|l′r,S, − S〉 , (24)
where Sz = −S + ns and ns = 1, . . . ,2S. It is obtained by
combining the systematic use of the commutators given in
Eq. (21) with the above state transformation laws. The
calculations to reach Eq. (24) are relatively easy for non-LWSs
whose generation from LWSs involves small ns = S − Sz
values. The calculations become lengthy as the ns value
increases, but they remain straightforward.
We shall now and in the ensuing sections study separately
the two cases, Sz = 0 and Sz = 0. Indeed, it is important not to
restrict ourselves only to the case of strictly Sz = 0 (requiring
L to be even), which may be sensitive to certain pathologies,
and thus to consider the spin stiffness for any finite fixed value
of Sz in the TL.
Analysis of the matrix elements, Eq. (24), reveals that the
lr = l′r andSz = 0 current expectation values 〈lr,S,0| ˆJ z|lr,S,0〉
all vanish for S  1/2. However, we also need such current
expectation values for S = Sz = 0. Those are the particular
case, lr = l′r, of the general matrix elements 〈lr,0,0| ˆJ z|l′r,0,0〉,
which in the following are shown to vanish. Such matrix
elements connect the energy eigenstates |lr,0,0〉 and |l′r,0,0〉,
which are both LWSs and HWSs. It follows from Eq. (21)
that the current operator ˆJ z, Eq. (12), may be written as the
commutator ˆJ z = 12 [ ˆJ+, ˆS−]. Thus the current matrix elements
〈lr,0,0| ˆJ z|l′r,0,0〉 can be written as
〈lr,0,0| ˆJ z|l′r,0,0〉 = 12 (〈lr,0,0| ˆJ+ ˆS−|l′r,0,0〉
− 〈lr,0,0| ˆS− ˆJ+|l′r,0,0〉). (25)
That this expression vanishes is readily confirmed by apply-
ing the above-stated transformation laws. A similar result holds
for all matrix elements of the form 〈lr,S,0| ˆJ z|l′r,S + δS,0〉
where S  0 and S ′ = S + δS  0, which are found to vanish
unless δS = ±1. Hence all Sz = 0 current expectation values
〈lr,S,0| ˆJ z|lr,S,0〉 vanish for S  0, so that Eq. (20) yields
DSz=0(T ) = 0 for T > 0.
Since vanishing spin density m = 0 may in the TL also be
approached by any finite fixedSz, or fixed window ofSz values,
and then letting L → ∞, we must carefully estimate DSz (T )
for Sz = 0. Expressing the current expectation values in terms
of the expectation values in LWSs, using the matrix-element
relations of Eq. (24) for lr = l′r and S  1/2, we obtain
DSz (T ) = (2S
z)2
2LT
L/2∑
S=|Sz|
∑
lr
plr,S,Sz
× |〈lr,S|
ˆJ z|lr,S〉|2
(2S)2 . (26)
Here and in the remainder of this paper, 〈lr,S| ˆO|lr,S〉 stands
for the LWS expectation value 〈lr,S, − S| ˆO|lr,S, − S〉 of any
operator ˆO.
Before expressing the current expectation values in this
equation in terms of the quantum numbers that label the energy
eigenstates, it is useful for our analysis to relate these numbers
to configurations of the model’s L spins 1/2.
III. RELATION OF THE QUANTUM NUMBERS THAT
LABEL THE ENERGY EIGENSTATES TO THE L SPINS 1/2
CONFIGURATIONS
The model Hamiltonian, Eq. (9), is solvable by the Bethe
ansatz, the corresponding general Bethe-ansatz equation being
of the form [34,35]
2 arctan(j ) = qj + 1
L
∑
α =j
2 arctan
(
j − α
2
)
mod 2π .
(27)
Here, the α = 1, . . . ,(L − 2S)/2 summation is over the subset
of occupied qα quantum numbers out of the full set,
qj = 2π
L
Ij , j = 1, . . . ,Mb , Mb = (L + 2S)/2 , (28)
and the different occupancy configurations of the related quan-
tum numbers Ij (defined modulo L) such that j = 1, . . . ,Mb
generate different energy and momentum eigenstates. The
latter are successive integers or half-odd integers according
to the boundary conditions,
Ij = 0, ± 1, . . . , ± M
b − 1
2
, Mb odd ,
(29)
= ±1/2, ± 3/2, . . . , ± M
b − 1
2
, Mb even .
The LWS Bethe-ansatz wave functions formally vanish
when two rapidities j and j ′ become equal. This property
suggests that simply choosing α = 1, . . . ,(L − 2S)/2 distinct
quantum numbers qα among the set of j = 1, . . . ,(L + 2S)/2
allowed quantum numbers qj , which gives a dimension((L+2S)/2
(L−2S)/2
)
, would allow the reconstruction of all 2L energy
eigenstates that span the model Hilbert space.
However, such an expectation is misleading. Indeed, only
some of the solutions to the general Bethe-ansatz equation (27)
are in terms of real rapidities j . There also exist solutions
involving groups of complex rapidities [34,35].
A. The quantum numbers that label the energy eigenstates
and corresponding spins configurations
Within the TBA [35], the necessary set of real and complex
rapidities have in the present TL the general form

n,l
j = nj + i(n + 1 − 2l) , l = 1, . . . ,n , (30)
where j = 1, . . . ,Mbn and the number Mbn  Mn is defined
below.
For n = 1 the rapidity, Eq. (30), is real and otherwise its
imaginary part is finite. Often in the literature the complex
rapidity, Eq. (30), is called an n string. Moreover, the number
n = 1, . . . ,∞ is called the string length and the real part of
the rapidity, nj , the string center [40].
The use of the rapidities, Eq. (30), in the general Bethe-
ansatz equation, Eq. (27), leads in the TL to a set of
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n = 1, . . . ,∞ coupled integral equations. These are the TBA
equations given in the following. As confirmed below, the new
set of quantum numbers associated with such equations allows
the reconstruction of the 2L energy and momentum eigenstates
that span the full Hilbert space.
Out of such
∑L
2S=0 (integers) N (S) = 2L energy and momen-
tum eigenstates, there are for a given S a number N (S) =
(2S + 1)Nsinglet(S) of states, which correspond to (2S + 1)
multiplet configurations and
Nsinglet(S) =
(
L
L/2 − S
)
−
(
L
L/2 − S − 1
)
, (31)
singlet configurations.
For S > 0, one can chose a set of 2S spins 1/2 that
participate in the state multiplet configuration and a com-
plementary set of even number L − 2S of spins 1/2 that
form a tensor product of singlet states. Since all the N (S)
states with the same S value have the same ˆ	S2 eigenvalue,
the energy and momentum eigenstates are superpositions of
such configuration terms, where each term is characterized by
a different partition of L spins 1/2 into 2S such spins that
participate in a 2S + 1 spin multiplet and a product of singlets
involving the remaining even number L − 2S of spins 1/2.
We call unpaired spins and paired spins the members of
such two sets of 2S and L − 2S spins 1/2, respectively. In
the following, we directly relate the j = 1, . . . ,Mbn quantum-
number occupancies in the n = 1, . . . ,∞ coupled TBA in-
tegral equations to different types of singlet configurations
involving the L − 2S paired spins 1/2 and their Msp ≡
(L − 2S)/2 spin-singlet pairs.
The degrees of freedom of the these Msp spin-singlet pairs
are distributed over a set {Mn} of configurations each with a
number Mn of n-pair configurations. Here, n = 1, . . . ,∞ is in
the TL the n-pair configuration number of spin-singlet pairs.
This is consistent with the following TBA exact sum rule [35],
which within our representation refers to the total number Msp
of spin-singlet pairs:
Msp ≡
∞∑
n=1
nMn = 12(L − 2S),
(32)
msp = Msp/L =
∞∑
n=1
nmn = 12(1 − mS),
where msp is the density of spin-singlet pairs and,
mS = 2S/L  m, mn = Mn/L . (33)
For n > 1, the n spin-singlet pairs of a n-pair configuration
are bound within it. Hence each rapidity n,lj , Eq. (30),
describes one n-pair configuration and its l = 1, . . . ,n spin-
singlet pairs. The usual string length n = 1, . . . ,∞ in Eq. (30)
then refers to the number of spin-singlet pairs in each of the
Mn n-pair configurations.
For n = 1, the rapidity n,lj is real and within our repre-
sentation in terms of the L − 2S paired spins 1/2 refers to a
single spin-singlet pair out of Msp = (L − 2S)/2 such pairs,
Eq. (32). We call unbound spin-singlet pairs of an energy and
momentum eigenstate such M1 spin-singlet pairs that refer to
a single n = 1 pair configuration.
On the other hand, the imaginary part of the l = 1, . . . ,n
rapidities, Eq. (30), with the same real part nj that emerge
for n > 1 are within the present representation associated with
the l = 1, . . . ,n spin-singlet pairs and their binding within the
correspondingn-pair configuration. We call bound spin-singlet
pairs such n > 1 spin-singlet pairs that are bound within a
n-pair configuration.
We emphasize that the concepts of a n-pair configuration
and of the l = 1, . . . ,n spin-singlet pairs within it out of Msp =
(L − 2S)/2 such pairs, Eq. (32), do not correspond to a mere
alternative notation for the usual n-string and its string length,
n = 1, . . . ,∞. Rather, it refers to a representation of these
TBA quantities in terms of paired spins 1/2 actual spin-singlet
configurations. Hence such a representation relates the original
model spins 1/2 configurations to TBA quantities and energy
and momentum eigenstates quantum numbers.
After some algebra, one finds that the use of rapidities of the
form, Eq. (30), in the general Bethe-ansatz equation, Eq. (27),
leads to a number n = 1, . . . ,Msp of TBA equations. Since
the maximum possible value of the quantum number n equals
the number of spin-singlet pairs, Msp = (L − 2S)/2, such that
Msp → ∞ in the TL provided that (1 − mS) is finite, in general
we consider such a limit and thus that n = 1, . . . ,∞.
Within the momentum-distribution functional notation used
in this paper, the TBA equations read [35]
knj = qj +
1
L
∑
(n′,j ′)=(n,j )
Mn′ (qj ′)nn′
(
nj − n
′
j ′
)
. (34)
Their solutions define the rapidities real part, nj . In these
n = 1, . . . ,∞ equations,
knj ≡ kn(qj ) = 2 arctan
(
nj/n
)
, (35)
and nn′(x) is an odd function of x given by,
nn′ (x) = δn,n′
[
2 arctan
(
x
2n
)
+
n−1∑
l=1
4 arctan
(
x
2l
)]
+ (1 − δn,n′ )
[
2 arctan
(
x
| n − n′|
)
+ 2 arctan
(
x
n + n′
)
+
n+n′−| n−n′ |
2 −1∑
l=1
4 arctan
(
x
| n − n′| + 2l
)]
, (36)
where n,n′ = 1, . . . ,∞. (The relation of the n = 1 rapidity
momentum k1j = 2 arctan(1j ), Eq. (35) for n = 1, to the
rapidity momentum kj of Ref. [35], such that 1j = cot(kj/2),
is k1j = π − kj .)
Moreover,
qj = 2π
L
Inj , j = 1, . . . ,Mbn , (37)
on the right-hand side of Eq. (34) are the momentum values of
a n-band associated with the set of Mn n-pair configurations
with the same n value and the quantum numbers I nj are
successive integers or half-odd integers according to the
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boundary conditions,
I nj = 0, ± 1, . . . , ±
Mbn − 1
2
, Mbn odd ,
= ±1/2, ± 3/2, . . . , ± M
b
n − 1
2
, Mbn even . (38)
Indeed, for each n, there is a Bethe-ansatz branch momen-
tum n band whose successive set of momentum values qj ,
Eq. (37), have the usual separation, qj+1 − qj = 2π/L, and
only occupancies zero and one. A n band has Mbn = Mn + Mhn
such momentum values, Mn of which are occupied by a single
n-pair configuration. Often an index α = 1, . . . ,Mn is used to
label the subset of occupied quantum numbers I nα of an energy
and momentum eigenstate [35].
We call a n-band pseudoparticle each of the Mn n-band
occupied momentum values. The Mhn momentum values left
over are unoccupied. Their number reads [35]
Mhn = 2S +
∞∑
n′=n+1
2(n′ − n)Mn′ . (39)
We call n-band holes such unoccupied momentum values.
The n-band momentum distribution function Mn(qj ) [or
Mhn (qj ) ≡ 1 − Mn(qj )] in Eq. (34) is such thatMn(qj ) = 1 and
Mn(qj ) = 0 [or Mhn (qj ) = 0 and Mhn (qj ) = 1] for occupied
and unoccupied values, respectively. Each lowest-weight
energy and momentum eigenstate (LWEME), i.e., a LWS
that is an energy and momentum eigenstate, has specific
values for that distribution. The corresponding n-band discrete
momentum variable, Eq. (37), has the range qj ∈ [−qbn,qbn ]
where qbn = π (mbn − 1L ), which in the TL simplifies to qbn =
π mbn. Here we have used the density,
mbn = mn + mhn = Mbn/L , mhn = Mhn/L . (40)
There is ann-band pseudoparticle for eachn-pair configura-
tion. The momentum qj , Eq. (37), of an n-band pseudoparticle
refers to the translational degrees of freedom of the corre-
sponding n-pair configuration, which are associated with its
center of mass motion. Consistently, the n-band pseudoparticle
momentum values qj fully determines the momentum operator
eigenvalues as follows:
P = π +
∞∑
n=1
Mbn∑
j=1
Mn(qj ) qj . (41)
On the other hand, for n > 1 the internal degrees of
freedom of the n-pair configuration and thus of the cor-
responding n-band pseudoparticle are associated with the
l = 1, . . . ,n imaginary parts i(n + 1 − 2l) of the set of l =
1, . . . ,n complex rapidities n,lj with the same real value nj ,
Eq. (30). As mentioned above, each of these l = 1, . . . ,n
complex rapidities is associated with one of the n pairs of
the n-pair configuration, the corresponding imaginary parts
describing their binding within such a configuration. The
internal degrees of freedom of a n = 1 band pseudoparticle
refer in turn to a single unbound spin-singlet pair.
There are sum rules for the number of pseudoparticles and
the density of pseudoparticles, which sum rules are related
to those of spin-singlet pairs and density of spin-singlet
pairs, Eq. (32). Indeed, the latter sum rule implies that M1 =
L(1 − mS)/2 −
∑∞
n=2 nMn. From the use of this relation in
the number of pseudoparticles expression, Mps ≡
∑∞
n=1 Mn,
one confirms that the following sum rule is obeyed:
Mps =
∞∑
n=1
Mn = 12
(
L − Mh1
)
,
(42)
mps = Mps/L =
∞∑
n=1
mn = 12
(
1 − mh1
)
,
where Mh1 and mh1 are the number and density of n = 1 band
holes, Eqs. (39) and (40) for n = 1, respectively.
Often in the literature each of the Mh1 n = 1 band holes of
the S = 0 ground-state excited energy eigenstates is associated
with one spin 1/2 spinon [9,44]. The corresponding spinon
representation is useful for the study of the low-energy physics
and excitations of the S = 0 model. Such effective spin 1/2
spinons are different from our representation spins 1/2, which
are the original L spins in the model Hamiltonian, Eq. (9).
The present representation of the quantum number occupancy
configurations of the energy and momentum eigenstates in
terms of configurations of the model’s original L spins 1/2
is the most suitable for our study, which involves the whole
spin range S ∈ [0,L/2] and summations over all energy and
momentum eigenstates.
As is the case for the momentum eigenvalues, Eq. (41),
other physical quantities, such as the energy eigenvalue of a
LWEME [35],
E = −
∞∑
n=1
Mbn∑
j=1
Mn(qj ) 2nJ
n2 + (n(qj ))2
= −
∞∑
n=1
Mbn∑
j=1
Mn(qj ) J
n
(1 + cos kn(qj )), (43)
also depend on the n-band momentum occupancy configura-
tions through the n-band momentum distribution functions
Mn(qj ). However, in contrast to the simple momentum
expression, Eq. (41), the dependence on the occupied α =
1, . . . ,Mn n-band momentum values qj = qα of the energy
expression, Eq. (43), and spin current operator expectation
value expression introduced below in Sec. IV occur through
that of the real part of the rapidities nj = n(qj ) in Eq. (34)
and thus of kn(qj ) = 2 arctan(n(qj )/n), Eq. (35).
Since qj+1 − qj = 2π/L, one often uses in the TL a
continuous momentum variable q ∈ [−qbn,qbn ] such that knj ≡
kn(qj ) = 2 arctan(nj/n) and nj ≡ n(qj ) become functions
of q, kn(q) = 2 arctan(n(q)/n) and n(q), respectively, and
Eq. (34) reads,
kn(q) = q + 1
2π
∞∑
n′=1
∫ qb
n′
−qb
n′
dq ′ Mn′(q ′)
×nn′ (n(q) − n′(q ′)) , (44)
for n = 1, . . . ,∞.
This allows the introduction for any LWEME of inverse
functions qn(k) with domain k ∈ [−kb,kb] and q˜n() with
interval  ∈ [−∞,∞] of the n-band rapidity momentum
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function kn(q) and related rapidity function n(q), respec-
tively, both with a range q ∈ [−qbn,qbn ]. For all LWEMEs, the
latter functions and their inverse functions have the following
limiting values:
kn
(
ι qbn
) = ι kb ; kb = π(1 − 1
L
)
≈ π , ι = ±1,
n
(
ι qbn
) = ι∞ , ι = ±1, (45)
qn(ι kb) = q˜n(ι∞) = ι qbn , ι = ±1.
Alternatively to the n = 1, . . . ,∞ set of n-band momentum
distribution function {Mn(q)}, each LWEME can be uniquely
defined by a corresponding n = 1, . . . ,∞ set of n-band
rapidity momentum variables k and n-band rapidity variables
, respectively, “particle” and “hole” distribution functions.
Those are given in Eq. (A5) of Appendix A.
The relation between the representation in terms of the n-
band rapidity momentum function kn(q) and rapidity function
n(q) and those in terms of their inverse functions qn(k) and
q˜n(), respectively, involves the derivative functions
2πσbn (k) = 2πσn(k) + 2πσhn (k) =
∂qn(k)
∂k
,
(46)
2πρbn() = 2πρn() + 2πρhn () =
∂q˜n()
∂
,
respectively. These distributions are the unique solutions of
the integral equations, Eqs. (A8) and (A9) of Appendix A.
The related “particle” distributions 2πσn(k) and 2πρn() and
“hole” distributions 2πσhn (k) and 2πρhn () are defined in
Eq. (A7) of that Appendix.
For any LWEME the distributions 2πρbn() = 2πρn() +
2πρhn (), 2πρn(), and 2πρhn () are those used in the studies
of Ref. [35], whereas
2πσbn (k) =
n 2πρbn(n tan(k/2))
2 cos2(k/2) . (47)
Within the TL the eigenvalues, Eq. (43), can then be
rewritten as
E = − L
2π
∞∑
n=1
∫ ∞
−∞
d 2πρn() 2nJ
n2 + 2 , (48)
or, alternatively,
E = − L
2π
∞∑
n=1
∫ kb
−kb
dk 2πσn(k) J
n
(1 + cos k) . (49)
Finally, we consider an example of the specific roles played
by our representation involving the 2S unpaired spins 1/2 and
L − 2S paired spins 1/2, respectively, of each energy and
momentum eigenstate by showing that the former 2S spins
fully control the spin currents of Sz = −S non-LWEMEs.
Indeed, for lr = l′r the relation, Eq. (24), can be written as
〈lr,S,Sz| ˆJ z|lr,S,Sz〉 =
∑
σ=±1
jσMσ , (50)
where
Mσ = S + σ Sz ; 2S =
∑
σ=±1
Mσ , (51)
is the number of spin projection σ/2 = ±1/2 unpaired spins
and jσ is given by
jσ = σ j (lr,S) ; j (lr,S) = 〈lr,S|
ˆJ z|lr,S〉
2S
. (52)
Here, j (lr,S) (and −j (lr,S)) denotes the tower LWS (and
HWS) spin current per unpaired spin.
Hence the spin current operator expectation value
〈lr,S,Sz| ˆJ z|lr,S,Sz〉, Eq. (50), of any energy and momentum
eigenstate is merely a sum of M+1/2 elementary spin currents
j+1/2 = j (lr,S) associated with the M+1/2 spin projection
+1/2 unpaired spins plus M−1/2 elementary spin currents
j−1/2 = −j (lr,S) associated with the M−1/2 spin projection
−1/2 unpaired spins. The tower LWS (and HWS) has the
current with largest absolute value, |j (lr,S)| 2S. Indeed, for
it, M+1/2 = 2S and M−1/2 = 0 (and M+1/2 = 0 and M−1/2 =
2S).
On the other hand and as discussed in later sections, a
LWEME spin current expectation value 〈lr,S| ˆJ z|lr,S〉 has
contributions from both the state 2S unpaired spins 1/2 and
Msp = (L − 2S)/2 spin-singlet pairs configurations.
B. Effects in the TL of the finite-system spin-singlet pairs
string deformations
For a large finite system, some of the solutions of Eq. (27)
involving groups of complex rapidities arrange themselves
into deformed strings [36–40], which deviate from the ideal
complex-rapidity strings, Eq. (30). Specifically, the roots of
Eq. (27) are partitioned in a configuration of strings, where a
n string is a group of n roots such that

n,l
j = nj + i(n + 1 − 2l) + Dn,lj l = 1, . . . ,n . (53)
From comparison with Eq. (30) one finds that the difference
refers to the deviation Dn,lj = Rn,lj + iδn,lj where Rn,lj and
δ
n,l
j are real numbers. As further discussed in Sec V B,
the imaginary part that emerges for n > 1 in the rapidities,
Eq. (53), remains being associated with the binding of spin-
singlet pairs.
Various authors have studied the fine structure of the
deformed string solutions for finite chains [36–40], which are
associated with the deviations Dn,lj in Eq. (53). In the case
of n = 2 two-string solutions, it is found that there are narrow
and wide branches [36–39]. The wide deformed strings lie on a
curve in the complex plane. Their imaginary part diverges upon
increasing the real part. On the other hand, the narrow strings
become closer to the real line with increasing real part. They
finally collapse onto it, so that no narrow string solutions occur
for high quantum numbers. Instead, extra solutions appear with
two real roots.
States of a large finite system described by deformed
complex-rapidity strings, Eq. (53), remain being energy and
momentum eigenstates associated with the general Bethe-
ansatz equations, Eq. (27). For most such LWEMEs the string
deviations vanish in the TL.
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IV. SPIN CURRENT IN TERMS OF THE QUANTUM
NUMBERS OF THE ENERGY EIGENSTATES
Here we express the spin current operator expectation
values in terms of the quantum numbers of the LWS energy
eigenstates within the TBA. Moreover, the fixed-S subspaces
are divided into smaller reduced subspaces whose largest
absolute value of the spin currents are determined.
A. The largest absolute values of spin currents
and corresponding reduced-subspace
The following exact general spin current operator expecta-
tion value expression, which applies to any spin-S LWEME,
is derived in Appendix A:
〈 ˆJ z(S)〉 = − L
2π
∞∑
n=1
∫ kb
−kb
dk Nn(k) 2J sin k . (54)
The distribution Nn(k) appearing here is defined in Eq. (A5)
of that Appendix. As for the energy eigenvalues, Eqs. (48) and
(49), this current operator expectation value can alternatively
be written in terms of a rapidity variable,  ∈ [−∞,∞],
representation.
At S = 0, the spin current, Eq. (54), vanishes. For S > 0 it is
often more convenient to use an alternative representation for
it in terms of the n-band momentum variable qj = 2πL Inj that
refers to the system quantum numbers, Eq. (38). Within such
a representation, the general spin current operator expectation
value is in the TL written as a sum over a number Mps =∑∞
n=1 Mn of elementary currents jn(qj ),
〈 ˆJ z(S)〉 =
∞∑
n=1
Mbn∑
j=1
Mn(qj ) jn(qj ) , (55)
where
jn(qj ) = − 2J sin k
n(qj )
2πσn(kn(qj )) , qj ∈
[− qbn,qbn] . (56)
Solving the TBA equations, Eq. (34), gives the LWS set
of j = 1, . . . ,Mbn real rapidity parts nj = n(qj ) and related
rapidity momentum values kn(qj ) = 2 arctan(n(qj )) both for
occupied and unoccupied n-band momentum values. The
former determine the actual energy and momentum eigenstate
elementary currents jn(qj ) values, Eq. (56), in the spin current,
Eq. (55).
In order to derive spin-current and stiffness upper bounds
needed for our study it is convenient to divide the subspaces
spanned by the set of N (S) = (2S + 1)Nsinglet(S) energy and
momentum eigenstates with the same spin S into smaller
reduced subspaces whose n-pair configuration numbers {Mn}
wheren = 1, . . . ,∞ have fixed values obeying the spin-singlet
pair sum rule Msp =
∑∞
n=1 nMn = (L − 2S)/2, Eq. (32).
Hence the energy and momentum eigenstates that span all
reduced subspaces of a fixed-S subspace are populated by
exactly the same number Msp = (L − 2S)/2 of spin-singlet
pairs.
Such states are generated by configurations within which
a number Mn of momentum values qj = qα = 2πL Inα where
α = 1, . . . ,Mn are occupied and the remainingMhn momentum
values are unoccupied. For each n band, this gives a dimension
(Mbn
Mn
).
Importantly, the value of the number Mhn = Mbn − Mn of
n-band holes that naturally emerges from the TBA, Eq. (39),
ensures that for each S-fixed subspace the dimension, Eq. (31),
can alternatively be written as [35]
Nsinglet(S) =
∑
{Mn}
∞∏
n=1
(
Mbn
Mn
)
. (57)
Here,
∑
{Mn} is a summation over all sets of {Mn} obeying
the fixed-S number of spin-singlet pairs sum rule Msp =∑∞
n=1 nMn = (L − 2S)/2, Eq. (32).
That, as confirmed by Eq. (57), all Nsinglet(S) independent
spin-singlet configurations [Eq. (31)] of each S-fixed subspace
are contained within the sets of {Mn} n-pair configurations
obeying that fixed-S sum rule is consistent with the n =
1, . . .∞ Bethe-ansatz rapidities, Eq. (30), being indeed asso-
ciated with n spin-singlet pairs. In addition, the pseudoparticle
number sum rule, Eq. (42), ensures that reduced subspaces with
the same number Mh1 of n = 1 band holes contain exactly the
same number of pseudoparticles, Mps = (L − Mh1 )/2.
We denote the maximum spin current expectation
value 〈lr,S| ˆJ z|lr,S〉 in each such reduced subspaces
by Jmax(mS,{mn}). Here, n > 1, since m1 = 12 (1 − mS −∑∞
n=2 2nmn) is uniquely determined. That maximum value
refers to a LWEME whose n bands have occupancies that
maximize their contribution to the spin current, Eqs. (54)–(56).
Let Mmaxn (qj ) where n = 1, . . . ,∞ denote the n-band mo-
mentum distribution functions of the LWS energy eigenstate
that carries the reduced-subspace current Jmax(mS,{mn}).
Then there is in the same subspace another energy eigenstate
whose n-band momentum distribution functions are given by
Mminn (qj ) = Mmaxn (−qj ) [and Mminn (0) = Mmaxn (0) if the quan-
tum numbers I nj , Eqs. (37) and (38), are integers]. It carries
a current Jmin(mS,{mn}) = −Jmax(mS,{mn}) whose absolute
value is also maximum, |Jmin(mS,{mn})| = |Jmax(mS,{mn})|.
Hence the same absolute value of the spin current is reached
by a current optimization that refers to a current maximization
or minimization, respectively.
From the use of the TBA equations [Eq. (34)] in
Eqs. (54)–(56), one straightforwardly confirms that for each
of the reduced subspaces spanned by energy eigenstates with
fixed S and {Mn} values the n-band qj occupancies that
maximize the spin current are asymmetric and compact.
Specifically, if (a) mn  mhn or (b) mhn  mn the n-band
occupancy that maximizes its contribution to |〈lr,S,| ˆJ z|lr,S〉|
refers to an asymmetric compact distribution of qj > 0 or qj <
0 momentum values, respectively, (a) with width 2π mhn of all
Mhn n-band holes or (b) with width 2π mn of all Mn n-band
pseudoparticles. For these occupancy configurations, Eq. (34)
simplifies to
kn(qj ) = qj +
⎛
⎜⎝
q
jh0∑
qj ′=−qbn
+
qbn∑
qj ′=qjh0 +2πm
h
n
⎞
⎟⎠nn′(nj − n′j ′) ,
(58)
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for qj ′ ∈ [qjh0 ,qjh0 + 2πmhn]  0 and Mn  Mhn and to
kn(qj ) = qj +
qj0 +2πmn∑
qj ′=qj0
nn′
(
nj − n
′
j ′
)
, (59)
for qj ′ ∈ [qj0 ,qj0 + 2πmn]  0 and Mn  Mhn . In these equa-
tions, kn(qj ) and nn′(x) are the functions, Eqs. (35) and
(36), respectively, n,n′ = 1, . . . ,∞, qjh0 = qbn − 2πmhn, and
qj0 ∈ [−qbn, − π/2 + πmn] changes from qj0 = −qbn for finite
mn = mhn to qj0 = −π/2 + πmn for small mn < mhn.
The LWEMEs are a superposition of local configurations.
The spin current results from the motion of the state Mps
pseudoparticles, which together contain all its Msp = (L −
2S)/2 spin-singlet pairs, relative to the 2S unpaired spins 1/2.
This is why both (i) states with L/2 spin-singlet pairs and no
unpaired spins 1/2 and (ii) states with no spin-singlet pairs
and L unpaired spins 1/2 carry zero spin current.
That our analysis focuses on the largest spin current
Jmax(mS,{mn}) of each reduced subspace simplifies its deriva-
tion since the corresponding n bands qj occupancy config-
uration is compact, as for a ground state. For instance, the
largest spin currentsJmax(mS,{mn}) of reduced subspaces with
different values for the set of densities {mn} but the same values
for the four densities,
msp = 12 (1 − mS) ,mps = 12
(
1 − mh1
) ∈ [0,1/2] ,
(60)
mBsp = msp − m1 ,mBps = mps − m1 ∈ [0,1/2] ,
have in the TL quite similar values. Here and in the following
equations,
mBsp = MBsp/L ; MBsp =
∞∑
n=2
nMn ,
(61)
mBps = MBps/L ; MBps =
∞∑
n=2
Mn ,
are the densities and numbers of bound spin-singlet pairs
and pseudoparticles made out of such n > 1 bound pairs,
respectively. It follows from Eq. (60) that these reduced
subspaces have the same value for the three densities mS ∈
[0,1], mh1 ∈ [0,1], and m1 ∈ [0,1/2]. Since these densities
fully determine those in that equation, we may alternatively
use them to label the reduced subspaces and corresponding
energy and momentum eigenstates.
The string deviations considered in Sec. III B trivially
vanish in the TL for instance for the following two types of
states and corresponding reduced subspaces.
(1) The simplest example refers in the TL to the string
deformations vanishing for LWS energy and momentum
eigenstates that span reduced subspaces for which the density
of pseudoparticles, nps =
∑∞
n=1 mn = O(1/L), vanishes as
L → ∞ yet that of spin-singlet pairs, nsp =
∑∞
n=1 nmn =
(1 − mS)/2, remains finite in such a limit. In this paper, we
call them type (1) reduced subspaces. For these LWEMEs, the
solution of Eq. (34) leads in the L → ∞ limit to the following
very simple real part of the rapidities and corresponding
distributions:
nj = n tan(qj/2) ; knj = qj ,
2πρbn() = 2πρn() + 2πρhn () =
2
n
1
1 + (/n)2 , (62)
2πσbn (k) = 2πσn(k) + 2πσhn (k) = 1.
(2) Another trivial example refers the LWEMEs that span
the reduced subspace for which Mps = M1 = Msp and Mn =
0 for n > 1, which are described by real rapidities. In the
following, we call it type (2) reduced subspace. Indeed one
confirms from the use of Eq. (53) with n = l = 1 in the general
Bethe ansatz equation, Eq. (27), that D1,1j = 0. Hence the real
rapidities are not deformed even for large but finite chains.
B. Virtual current cancelation
The virtual current cancelation mechanism addressed in
this section is important for our study in that it must be
accounted for in the derivation of the upper bounds for the spin
currents and stiffness. Such a virtual current cancellation is
behind the S = 0 energy and momentum eigenstates carrying
zero spin current. For an S > 0 LWS energy and momentum
eigenstates, it refers only to a partial current cancelation that
must nonetheless be taken into account.
At S = 0, the number and density of spin-singlet
pairs reach their maximum values, Msp = L/2 and msp =
1/2, respectively. Moreover and as found in Sec. II, the
spin current of S = 0 energy and momentum eigenstates
exactly vanishes, 〈 ˆJ z(0)〉 ≡ 〈lr,0,0| ˆJ z|lr,0,0〉 = 0, so that∑∞
n=1
∑Mbn
j=1 Mn(qj ) jn(qj ) = 0 for all such states.
The S = 0 absolute ground state has numbers Msp = L/2,
Mps = M1 = Msp = L/2 and thus Mn = 0 for n > 1 and
Mh1 = 0. For it the n = 1 band is full and has a com-
pact symmetrical momentum occupancy whereas all n > 1
bands are empty, which is consistent with its spin current,
Eqs. (54)–(56), vanishing.
While bothmS = 0 andmh1 = 0 for that state, the remaining
S = 0 and thus mS = 0 energy and momentum eigenstates
may have densities of n = 1 band holes spanning the whole
range, mh1 =
∑∞
n=2 2(n − 1)mn ∈ [0,1]. For an S = 0 energy
and momentum eigenstate, the number of holes in the n = 1
band Mh1 , Eq. (39), and the corresponding n = 1 pseudopar-
ticle number M1 = (L − 2S)/2 −
∑∞
2 nMn have simplified
expressions. Here we call such S = 0 numbers Mh,01 and M01 ,
respectively. These S = 0 numbers and their densities read
M
h,0
1 =
∞∑
n=2
2(n − 1)Mn ; M01 = L/2 −
∞∑
2
nMn ,
(63)
m
h,0
1 = Mh,01 /L ; m01 = M01/L .
Note that a S > 0 LWEME with exactly the same values
for the set of n > 1 band pseudoparticle numbers {Mn} as
a S = 0 energy and momentum eigenstate has Mh1 and M1
number values that can be written as Mh1 = 2S + Mh,01 and
M1 = −S + M01 , respectively.
For each n > 1 band pseudoparticle of momentum qj that
populates a S = 0 energy and momentum eigenstate there are
exactly 2(n − 1) holes in the n′ = 1 band with momentum
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values {qhj ′ } where j ′ = 1, . . . ,2(n − 1). Each such n > 1
band pseudoparticle carries a virtual elementary current jn(qj )
that is exactly canceled by the set of j ′ = 1, . . . ,2(n − 1)
virtual elementary currents jh1 (qhj ′ ) ≡ −j1(qhj ′ ) carried by
the 2(n − 1) holes. This is the virtual current cancellation
mechanism, which is encoded in the n = 1, . . . ,∞ TBA
equations, Eq. (34), and the corresponding general spin-current
expression Eqs. (54)–(56) whose solution forS = 0 energy and
momentum eigenstates leads to it.
For S > 0, the virtual current cancellation mechanism re-
mains active for mh1 > mS energy and momentum eigenstates,
yet it refers to a partial current cancellation whose effects
decrease upon increasing mS . Such effects become very small
for mS > m∗S and thus S > S∗, where
m∗S =
1
3
(
1 −
∞∑
n=2
2(3n − 2)mn
)
; S∗ = m∗S L/2 , (64)
are the mS and S values, respectively, above which Mh1  M1.
Indeed,
Mh1  M1 , S ∈ [0,S∗] ; Mh1  M1 , S ∈ [S∗,1] . (65)
On the other hand, for S ∈ [0,S∗], the partial virtual current
cancellation effects remain important.
Consider an S = 0 energy and momentum eigenstate
with 1, . . . ,Mn pseudoparticles in some of the n = 2, . . . ,∞
bands. Under the above current cancellation mechanism, the
virtual elementary currents carried by the MBps =
∑∞
n=2 Mn
pseudoparticles of momentum qnα , where α = 1, . . . ,Mn and
n = 2, . . . ,∞ are exactly canceled by the corresponding
virtual elementary currents carried by the i = 1, . . . ,Mh,01
holes of momentum qhi in the n′ = 1 band where Mh,01 =∑∞
n=2 2(n − 1)Mn, Eq. (63).
One may associate with any S > 0 LWEME with spin
in the range S ∈ [0,S∗], so that Mh1  M1 in Eq. (65), a
corresponding S = 0 energy and momentum eigenstate with
exactly the sameα = 1, . . . ,Mn pseudoparticles of momentum
qnα in the n = 2, . . . ,∞ bands with finite occupancy and i =
1, . . . ,Mh,01 holes of momentum qhi in the n′ = 1 band, out of
theMh1 = 2S + Mh,01 holes of the S > 0 state. The n′ = 1 band
configurations of both such states are naturally described in
terms of hole occupancies rather than pseudoparticle occupan-
cies. We call such a pair of energy and momentum eigenstates
with S > 0 and S = 0 partner states. The corresponding n = 1
band hole and n > 1 bands pseudoparticle representation is the
most suitable for the description of the partial virtual current
cancellation effects of these states, which remain important for
S ∈ [0,S∗].
Within that representation a S > 0 LWEME differs from
the corresponding S = 0 energy and momentum eigenstate
partner state only by an additional number 2S of i ′ = 1, . . . ,2S
holes of momentum qhi ′ in the n′ = 1 band. For a given S = 0
energy eigenstates, there are in general several S > 0 partner
states, which correspond to different choices of the set of
momentum values {qhi ′ } of such additional 2S of i ′ = 1, . . . ,2S
holes. These S > 0 partner states have j = 1, . . . ,Mh1 holes
of momentum qhj in the n′ = 1 band where Mh1 = 2S + Mh,01 ,
Eq. (39) for n = 1. Here the new index j = 1, . . . ,Mh1 is a
common notation for the preexisting i = 1, . . . ,Mh,01 holes of
momentum qhi , which are exactly the same as for the S = 0
partner state, plus the new i ′ = 1, . . . ,2S holes of momentum
qhi ′ . The latter are different for different S > 0 partner states of
a given S = 0 energy and momentum eigenstate.
Since the current of a S = 0 energy and momentum
eigenstate vanishes in the TL, 〈 ˆJ z(0,{qhi },{qnα})〉 = 0, the spin
current 〈 ˆJ z(S)〉 of its S > 0 partner states may be written as
〈 ˆJ z(S)〉 = 〈 ˆJ z(S,{qhj },{qnα})〉− 〈 ˆJ z(0,{qhi },{qnα})〉 ,
j = 1, . . . ,Mh1 , i = 1, . . . ,Mh,01 , (66)
α = 1, . . . ,Mn , n = 2, . . . ,∞.
This exact spin current expression is used in Appendix B
to account for the virtual current cancellation mechanism
in Mh1  M1 LWEMEs with spin S ∈ [0,S∗]. Indeed the
current upper-bound procedures used in that Appendix whose
results are presented below in Sec. V rely on overestimates
of the current that render the exactly vanishing current
〈 ˆJ z(0,{qhi },{qnα})〉 finite. As justified in that appendix, the use
of the expression, Eq. (66), for anS = 0 energy and momentum
eigenstate restores its zero current and provides a controlled
overestimate of the current 〈 ˆJ z(S)〉 of its S > 0 partner states.
The virtual current cancellation mechanism reveals that
the n′ = 1 band i = 1, . . . ,Mh,01 holes of a S = 0 energy
and momentum eigenstate are related to the system subset
of L − 2S − M01 paired spins 1/2 that participate in the
MBsp = (L − 2S − M01 )/2 bound spin-singlet pairs. Indeed, the
latter bound pairs are contained in a number MBps =
∑∞
n=2 Mn
of pseudoparticles, the i = 1, . . . ,Mh,01 virtual elementary
currents of the holes being such as to cancel exactly those
of these MBps pseudoparticles.
On the other hand, consistent withMh1 = 2S + Mh,01 , where
2S is the number of unpaired spins 1/2 absent at S = 0,
the i = 1, . . . ,Mh1 holes of its S > 0 partner states with
spin values in the range S ∈ [0,S∗] involve both degrees
of freedom associated with the MBsp = (L − 2S − M01 )/2
bound spin-singlet pairs contained in the MBps =
∑∞
n=2 Mn
pseudoparticles, whose Mh1 elementary currents are such as
to partially cancel those of such pseudoparticles, and degrees
of freedom of the 2S unpaired spins 1/2. The finiteness of
the spin current 〈 ˆJ z(S)〉 = 〈 ˆJ z(S,{qhj },{qnα})〉 of these states
results from the interplay of the L − 2S paired spins 1/2 and
2S unpaired spins 1/2 configurations.
V. FIXED-S SUBSPACE UPPER BOUND OF THE LARGEST
ABSOLUTE VALUE OF THE SPIN CURRENT
In this section, we derive a suitable upper bound for the
largest absolute value of the spin current of each fixed-S
subspace. Moreover, we address issues related to the effects of
the complex-rapidity string deviations on such spin currents
and upper bounds. Our goal is to identify an upper bound for
a TL of the absolute value of the expectation value of the spin
current in both LWEMEs described by groups of undistorted
complex-rapidity strings and LWEMEs for which some of such
complex-rapidity strings are distorted.
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A. Upper bound on the largest absolute value of the spin
current in a fixed-S subspace within the TBA
Despite the simplification brought about by the compact
nature of the n-band momentum occupancy configurations
in Eqs. (58) and (59), in general, the corresponding spin
currentsJmax(mS,{mn}) derived from the use of Eqs. (54)–(56)
have no simple analytical expressions. Nevertheless, such a
simplification allows one to access useful information on these
reduced-subspace largest spin currents.
For instance, from the use of the properties of the
spin current expression, Eq. (54)–(56), associated with the
compact occupancy configurations of the n bands qj and
the corresponding rapidity functions nj = n(qj ) that obey
Eqs. (58) and (59), one finds that out of the set reduced
subspaces with the same spin S and thus the same number
Msp = (L − 2S)/2 of spin-singlet pairs there is one limiting
subspace that plays an important role in our derivation. It is
the subspace whose spin-singlet pairs are all bound within a
single gigantic n = Msp = (L − 2S)/2 pair configuration and
thus refer to a minimum number Mps = 1 of pseudoparticles.
The energy and momentum eigenstates that span such a
reduced subspace are superpositions of local configurations
within which the Msp = (L − 2S)/2 spin-singlet pairs involv-
ing the L − 2S paired spins 1/2 are less diluted relative to the
2S unpaired spins 1/2. The spin current of these states results
from the motion of a single pseudoparticle, which contains all
the spin-singlet pairs of the state Msp = (L − 2S)/2, relative
to the 2S unpaired spins 1/2.
For the whole range mS ∈ [0,1], the maximum value of the
largest absolute value of the spin current per pseudoparticle,
j psmax(mS,{mn}) ≡
|Jmax(mS,{mn})|
Mps
 j 1psmax, (67)
is reached for this type (1) reduced subspace. Here, j 1psmax stands
for that subspace largest absolute value of the spin current
per pseudoparticle, which has a simple analytical expression
derived in the following.
Each LWEME that spans the corresponding type (1)
reduced subspace refers to its single pseudoparticle having
one of the following j = 1, . . . ,2S + 1 momentum values:
qj = 0, ± 2π
L
, . . . , ± 2π
L
(S − 1), ± 2π
L
S . (68)
For this reduced subspace, the largest absolute value of the spin
current |Jmax(mS,{mn})| is achieved by the LWEME whose
single pseudoparticle has momentum qj = −qbn = − 2πL S for
S  L/4 and qj = −π/2 for L/4  S  L/2 − 2. Because
this state is populated by a single pseudoparticle, the equality
|Jmax(mS,{mn})| = j 1psmax holds.
This LWS energy eigenstate belongs to a type (1) reduced
subspace. Hence its rapidity functions and related distributions
have the simple form, Eq. (62). Their use in the general spin
current expression, Eqs. (54)–(56), straightforwardly leads to
the simple analytical expression:
j 1psmax = 2J sin(πmS) , mS ∈ [0,1/2],
= 2J , mS ∈ [1/2,1]. (69)
The inequality in Eq. (67) is equivalent to |Jmax(mS,{mn})| 
j
1ps
max Mps. A suitable upper bound of the largest absolute value
of the spin current for each fixed-S subspace then refers to
j
1ps
max Mps with the Mps value being the largest of that subspace.
This maximum value reads Mps = M1 = Msp = (L −
2S)/2 and is reached for the type (2) reduced subspace
for which the Msp = (L − 2S)/2 spin-singlet pairs are all
unbound. The energy and momentum eigenstates that span
such a reduced subspace are a superposition of local con-
figurations within which the (L − 2S)/2 spin-singlet pairs
and corresponding L − 2S paired spins 1/2 are most diluted
relative to the 2S unpaired spins 1/2. The spin current
of its states results from the motion of Mps = M1 = Msp
independent pseudoparticles, each containing a single singlet
pair, relative to the 2S unpaired spins 1/2.
An inequality obeyed by the set of largest absolute values
of the spin current |Jmax(mS,{mn})| of any fixed-S subspace
then reads
|Jmax(mS,{mn})|  J UBmax(mS), (70)
where the upper boundJ UBmax(mS) = j 1psmax (L − 2S)/2 is for any
mS value in the range mS ∈ [0,1] given by
J UBmax(mS) = J L (1 − mS) sin(πmS) , mS ∈ [0,1/2],
= J L (1 − mS) , mS ∈ [1/2,1] . (71)
In the mS  1 and (1 − mS)  1 limits, it reads
J UBmax(mS) = Jπ LmS , mS  1 ,
= J L (1 − mS) , (1 − mS)  1 , (72)
respectively.
In Appendix B, the validity of the fixed-S subspace largest
absolute value of the spin current inequality, Eq. (70), is
justified. That appendix calculations overestimate the absolute
value of the current |Jmax(mS,{mn})| on the left-hand side of
that inequality by replacing in its expression, Eqs. (55) and
(66), the absolute value of the elementary currents jn(qj ),
Eq. (56), by its maximum value
jmaxn = |jn(q∗n )| . (73)
Here, q∗n is the n-band momentum value in the range qj ′ ∈
[qjh0 ,qjh0 + 2πmhn] for Mn  Mhn and qj ′ ∈ [qj0 ,qj0 + 2πmn]
for Mn  Mhn of Eq. (58) and Eq. (59), respectively, at which
|jn(qj )| reaches its largest value.
In the case of LWEMEs described by the simplified TBA
equations, Eqs. (58) and (59), whose n-band momentum qj
intervals are compact and asymmetrical, jmaxn obeys for the
whole ranges mS ∈ [0,1], mh1 ∈ [0,1], and m1 ∈ [0,1/2] the
following exact inequality, jmaxn  Jmaxn , where the equality
occurs for mS,mh1 → 1. The upper bound in this inequality
reads
Jmax1 =
J
2
sin
(
πmh1
)
mh1
, mh1 ∈ [0,1/2] ,
= 2J mh1 , mh1 ∈ [1/2,1] ,
Jmaxn = 2J mbn , n > 1 . (74)
The analysis of Appendix B further overestimates the
absolute values of the current |Jmax(mS,{mn})| on the left-hand
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side of the inequality, Eq. (70), by replacing jmaxn in its already
overestimated expression by the upper bound Jmaxn , Eq. (74).
The maximum absolute values of the elementary current
jmaxn , Eq. (73), have simple analytic expressions in the simplest
case of 0 < (mh1 − mS)  1 LWEMEs in the 0 < mS  1 and
(1 − mS)  1 limits. Specifically, the expressions of jmax1 are
jmax1 = J π2 for 0 < mS  1 and jmax1 = 2J for (1 − mS)  1,
being both reached at qj = q∗1 = π2 . For 0 < (mh1 − mS)  1,
the upper bound in Eq. (74) is in turn given by Jmax1 = J π2
for 0 < mS  1 and Jmax1 = 2J for (1 − mS)  1. Indeed,
jmaxn < J
max
n for 0 < mS < 1 in the present case of 0 < (mh1 −
mS)  1 LWEMEs, whereas jmax1 = Jmax1 both as mS → 0
and mS → 1. However, for states with larger (mh1 − mS) > 0
values, the equality jmax1 = Jmax1 is reached only in themS → 1
limit.
On the other hand, for 0 < (mh1 − mS)  1, the maximum
absolute value jmaxn is for n > 1 and 0 < mS  1 given by
jmaxn = 2J (2π2(n − 1)/3n)m2S , being reached at qj = q∗n =
π
2 mS . In the (1 − mS)  1 limit, it reads jmaxn = 2J and
is reached at qj = q∗n = π2 . For 0 < (mh1 − mS)  1, the
corresponding upper bounds, Eq. (74), read Jmaxn = 2J mS
for 0 < mS  1 and Jmaxn = 2J for (1 − mS)  1. Hence
while jmaxn is for 0 < mS  1 of second order in mS , its upper
bound is of first order. The inequality jmaxn < Jmaxn holds for
mS < 1, the equality jmaxn = Jmaxn = 2J being reached only in
the trivial mS → 1 limit.
B. Effects of the string distortions on the upper bound of the
absolute value of the current in a fixed-S subspace
Here we discuss the effects of the string distortions on the
upper bound of the absolute value of the current in a fixed-S
subspace, Eq. (53). Our analysis provides strong evidence that
the absolute values of the spin current of the S-fixed subspaces
spanned by LWS energy and momentum eigenstates for which
some complex-rapidity string may be distorted relative to their
ideal TBA form obey an inequality whose upper bound is that
in Eq. (53), which thus remains valid under the effects of the
string distortions.
We consider the general Bethe-ansatz equations, Eq. (27),
for large but finite chains. The corresponding general spin
current expectation values read
〈 ˆJ z(S)〉 =
∑
α
j (qα) , (75)
where the summation is over occupied qα values and the
elementary currents j (qj ) are given by
j (qj ) = − 2J sinj2πσb(kj ) ,
kj = k(qj ) = 2 arctan(j ) , (76)
j = 1, . . . ,Mb ,
and the distribution 2πσb(kj ) obeys the integral equation,
Eq. (A11) of Appendix A.
For large but finite chains the deformed strings in Eq. (53)
change the spin currents, Eqs. (75) and (76), of a few classes of
LWEMEs relative to their values given by the TBA. However,
for most LWEMEs such a deformations do not change in the
TL the TBA spin current expectation values.
The LWEMEs whose string deviations vanish in the TL
and are relevant for our discussion belong to the types (1) and
(2) reduced subspaces. We recall that the states that span the
former subspace are such that the density of pseudoparticles,
nps =
∑∞
n=1 mn = O(1/L), vanishes as L → ∞ but that of
spin-singlet pairs, nsp =
∑∞
n=1 nmn = (1 − mS)/2, remains
finite. An example of type (1) reduced subspace is that
considered in Sec. IV A, which is spanned by LWEMEs whose
Msp = (L − 2S)/2 spin-singlet pairs are all bound within a
single n = (L − 2S)/2 pair-configuration. On the other hand,
the states that span the type (2) reduced subspace are described
by real rapidities for which Mps = M1 = Msp and Mn = 0 for
n > 1.
A first important property is that for a large but finite system
the distorted complex rapidities n,lj = nj + i(n + 1 − 2l) +
D
n,l
j in Eq. (53) remain being labeled by the quantum numbers
n = 1, . . . ,∞ and l = 1, . . . ,n that refer to the number of spin-
singlet pairs and each of these pairs, respectively. Physically,
this means that the n = 1, . . . ,∞ spin-singlet pairs prevail in
that the distorted complex rapidities, Eq. (53), also describe
a number n = 1, . . . ,∞ of spin-singlet pairs out of Msp =
(L − 2S)/2 such pairs.
Importantly, the large finite-system complex-rapidity de-
viations do not change the value of the number of spin-
singlet pairs Msp = (L − 2S)/2, their density still given by
msp = (1 − mS)/2. This is a simple consequence of the spin S
remaining being a good quantum number for the corresponding
LWEMEs described by the general Bethe-ansatz equations,
Eq. (27).
A physically meaningful property of the TL ideal TBA
complex rapidity n,lj = nj + i(n + 1 − 2l), Eq. (30), is that

n,l
j = (n,n+1−lj )∗. Indeed, that the complex rapidities n,lj
and n,l
′
j of the two spin-singlet pairs labeled by the quantum
numbers l and l′ = n + 1 − l are such that n,lj = (n,l
′
j )∗ for
l = 1, . . . ,n is a necessary condition for the binding of the
l = 1, . . . ,n spin-singlet pairs within the n-pair configuration.
A second important property of the distorted complex
rapidities in a large finite-system is that, due to self-conjugacy,
the deviations Dn,lj = Rn,lj + iδn,lj in Eq. (53) are such that
D
n,l
j = (Dn,n+1−lj )∗. This implies that the symmetry n,lj =
(n,n+1−lj )∗ prevails under such deviations. This ensures that
the distorted complex rapidities, Eq. (53), continue to describe
the binding of all or some of the l = 1, . . . ,n spin-singlet pairs.
The investigations of Ref. [40] show that the collapse
of narrow pairs from n > 1 pair configurations is the only
aberration from the ideal strings, Eq. (30), if one allows for
deviations Dn,lj in the strings themselves, Eq. (53). These
processes indeed conserve the spin S and thus the number
of spin-singlet pairs, Msp = (L − 2S)/2. They give rise to
the unbinding of all or some of the l = 1, . . . ,n spin-singlet
pairs of the n > 1 complex rapidity under consideration. Each
of the resulting unbound spin-singlet pairs is described by
Bethe-ansatz real rapidities. This is equivalent to an increase
in the number of n-pair configurations Mps that preserves the
number of spin-singlet pairs, Msp = (L − 2S)/2.
Hence such a collapse of narrow pairs gives rise to
LWEMEs whose number of n-pair configurations may be
larger than that of the corresponding TBA states. Moreover,
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the emerging smaller n-pair configurations that result from the
collapse of narrow pairs from n′ > n pair configurations may
not be associated with pseudoparticles, as defined within the
TBA.
However, most TBA n-pair configurations prevail in the TL
under the deformations of the complex rapidities in the finite
system. Since a few n-pair configurations may show collapse
of narrow pairs, and the resulting smaller n-pair configurations
may not be associated with pseudoparticles, we call Mpc and
mpc = Mpc/L the number and density, respectively, of n-pair
configurations of a general LWEME. For nearly all such states
one has in the TL that Mpc = Mps and thus mpc = mps. For the
few LWEMEs showing collapse of narrow pairs, it conserves
the state number of spin-singlet pairs, Msp = (L − 2S)/2, but
increases the number and density of n-pair configurations, so
that mpc > mps.
The Hilbert space remains divided into subspaces spanned
by energy and momentum eigenstates with fixed spin S. We
then call |Jmax(S)| the largest absolute value of the spin
currents, Eq. (75), of each such a subspace. This largest
absolute value of the spin current in the subspace remains
being associated with compact distributions of the general
Bethe-ansatz equations, Eq. (27), quantum numbers. These
compact distributions are insensitive to the fine structure of
the complex-rapidity string and their deformations. The corre-
sponding largest absolute values of the spin current |Jmax(S)|
are rather sensitive to the value of the ratio msp/mpc, which
involves the states densities of spin-singlet pairsmsp and n-pair
configurations mpc, respectively. Hence the interplay of the
conservation of msp with the increase of mpc is the main effect
on such largest spin currents of the collapse of narrow pairs
associated with possible complex-rapidity string deformations.
Specifically, |Jmax(S)|/Mpc remains an increasing function
of the ratio msp/mpc ∈ [1,msp], reaching its maximum value
for msp/mpc = msp and thus mpc = 1. Importantly, in the TL
this maximum value remains that given Eq. (69). Indeed, it
refers to LWS energy and momentum eigenstates that belong
to the class (1) reduced subspace whose complex rapidities are
undistorted in the TL for which mpc = mps.
On the other hand, since the collapse of narrow pairs tends
to increase the number of n-pair configurations so that mpc >
mps, its net effect is decreasing the |Jmax(S)|/Mpc state value
relative to the TBA. Importantly, this ensures that it remains
smaller than the unchanged upper bound, Eq. (69).
That the maximum value of |Jmax(S)|/Mpc remainis j 1psmax,
Eq. (69), ensures that a corresponding |Jmax(S)| upper bound
valid for mS ∈ [0,1] is given by j 1psmax × Msp. Indeed, the
maximum Mpc value is Msp = (L − 2S)/2.
However, j 1psmax × Msp exactly equals the upper bound
J UBmax(mS) in Eqs. (71) and (72). Hence for all fixed-S
subspaces spanned by energy and momentum eigenstates
whose complex-rapidity string may either be undistorted or
distorted relative to the TBA ideal configuration, the largest
absolute value of the spin current |Jmax(S)| obeys in the TL
the inequality,
|Jmax(S)|  J UBmax(mS) , (77)
with the upper bound J UBmax(mS) given in Eqs. (71) and (72).
As follows from the analysis of Appendix B 3, within
the TBA the inequality |Jmax(mS,{mn})|  |Jmax(mS,0)| is
obeyed for mS ∈ [0,1]. Here |Jmax(mS,0)| stands for the
current absolute value |Jmax(mS,{mn})| of the type (2) reduced
subspace for which mn = 0 for n > 1.
The LWEMEs that span that reduced subspace are described
by real rapidities and thus have no string deformations.
However, we do not use this inequality in the stiffness upper
bound derivation of the ensuing section, and instead use that
in Eq. (77), whose upper bound is larger for 0 < mS < 1. The
reason is that we did not find conclusive arguments as strong as
those reported here for the latter, concerning the exclusion of
the possibility of current absolute values of a few states whose
strings are deformed being smaller than the upper bound,
Eq. (71), yet slightly larger than |Jmax(mS,0)|.
We recall that the density of n-pair configurations mpc >
mps of deformed-string states resulting from the collapse
of narrow pairs cannot be larger than that of spin-singlet
pairs, msp = (1 − mS)/2, which is that of the type (2)
reduced subspace LWEMEs. This thus renders quite un-
likely the possibility of the former deformed-string states
having current absolute values larger than those of the
latter states. Hence we believe that the TBA inequality
|Jmax(mS,{mn})|  |Jmax(mS,0)| could be used in the deriva-
tion of a stiffness upper bound smaller than that obtained in the
following.
VI. TWO SPIN STIFFNESS UPPER BOUNDS
A first stiffness upper bound,
D∗Sz (T ) =
(2Sz)2
2LT
L/2∑
S=|Sz|
∑
lr
plr,S,Sz
(J UBmax(mS)
2S
)2
, (78)
is obtained by replacing the moduli of the expectation values
|〈lr,S| ˆJ z|lr,S〉| of LWSs with the same S value in the stiffness
expression, Eq. (26), by the upper bound of the largest absolute
value of the spin currentJ UBmax(mS), Eqs. (71), of the inequality,
Eq. (77).
The ratio J UBmax(mS)/2S appearing in Eq. (78) then reads
J UBmax(mS)
2S
= Jπ (1 − mS) sin(πmS)
πmS
, mS ∈ [0,1/2] ,
= J (1 − mS)
mS
, mS ∈ [1/2,1] . (79)
It is independent of L and smoothly decreases upon increasing
mS from its mS  1 maximum value, Jπ , to J (1 − mS) for
(1 − mS)  1.
For each fixed-Sz canonical ensemble, the largest ratio
J UBmax(mS)/2S in the S summation of Eq. (78) is then that
referring to the minimum S value, S = |Sz| = mL/2, such
that mS = m. A second stiffness upper bound is obtained by
replacing in Eq. (78) the ratioJ UBmax(mS)/2S by its largest value,
J UBmax(m,0)
2S
= Jπ (1 − m) sin(πm)
πm
, m ∈ [0,1/2] ,
= J (1 − m)
m
, m ∈ [1/2,1] . (80)
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Importantly, the state summations in Eq. (78) can then
be performed exactly for all finite temperatures T > 0.
Indeed, the probability distribution plr,S,Sz in each fixed-Sz
canonical ensemble is normalized as
∑L/2
S=|Sz|
∑
lr
plr,S,Sz = 1.
Such state summations account for the subspace dimen-
sions and thus as well for the full Hilbert-space dimension,∑L
2S=0 (integers) N (S) = 2L. For T > 0, the resulting (larger)
upper bound D∗∗Sz  D∗Sz  DSz then becomes
D∗∗Sz (T ) =
J 2L
2T
(1 − m)2 sin2(πm) , m ∈ [0,1/2] ,
= J
2L
2T
(1 − m)2 , m ∈ [1/2,1] . (81)
Hence, for m  1 and (1 − m)  1, its values are
D∗∗Sz (T ) =
(Jπ )2 m2 L
2T
, m  1 ,
(82)
= J
2 (1 − m)2 L
2T
, (1 − m)  1 ,
so that the constants c and c′ in the upper bounds, Eqs. (7) and
(8), read c = π2/2 and c′ = 1/2, respectively.
This completes our finding of a vanishing spin stiffness
in the TL, L → ∞, for any fixed range or even distribution
of Sz, or any distribution of m shrinking sufficiently fast that
〈m2〉L → 0.
Note that (J UBmax(m,0))2/L  (Jπ )2 m2 L for all m ∈ [0,1].
Hence we may use the small-m upper-bound expression in
Eq. (82) for the whole m ∈ [0,1] range, which is the spin
stiffness bound stated in the abstract.
VII. CONCLUDING REMARKS
Although the method used in this paper to derive the
stiffness upper bound, Eq. (81), relies in part on the TBA, it
accounts for the effects of complex-rapidity string deviations
and does not access the stiffness through the second derivative
of the energy eigenvalues relative to a uniform vector potential
along the chain piercing the ring, as in Ref. [4].
Our result that the spin stiffness of the spin-1/2 XXZ chain
vanishes at the isotropic point for m = 0 and T > 0 in the TL
within the canonical ensemble leaves out, marginally, the grand
canonical ensemble in which 〈m2〉 = O(1/L). However, the
large overestimate of the elementary Bethe-ansatz currents we
used in deriving the stiffness upper bound, Eq. (81), leads us to
expect that our prediction remains valid in the grand canonical
case, in accord with the usual expectation of the equivalence
of ensembles in the TL.
Since the problem studied in this paper refers to a
controversial issue, as different approaches yield contradictory
results, it is worthwhile discussing the relation of our results
to those of other studies both of the present model and related
solvable models.
At = 0, the value of the high-temperature spin stiffness of
the spin-1/2XXZ chain whose Hamiltonian is given in Eq. (5)
isD = (J/4)2/T , so that the lower bound of Ref. [13] saturates
it. Our result that at  = 1 and both m = 0 and m → 0 the
spin stiffness vanishes within a canonical ensemble at all finite
temperatures applies to high temperature as well. This implies
that the above lower bound saturates the high-temperature spin
stiffness both at = 0 and = 1. Combined with the equality
of that lower bound to the TBA spin stiffness found in Ref. [4]
at λ = π/l′, this most likely implies that the bound saturates
the stiffness for the whole range 0    1. This provides
strong evidence that the stiffness derived in Ref. [4] for T > 0
is in the TL correct.
We emphasize that different methods based on the same
TBA lead to different results for solvable models spin and/or
charge stiffnesses. Indeed, we believe that the problem is not
the TBA but rather how to use the TBA to access the stiffness
of each specific solvable model.
The method introduced in Ref. [46] for the 1D Hubbard
model and used in Ref. [4] for the XXZ chain relies on
the TBA but leads to completely different results from the
phenomenological method of Ref. [9], which relies on a spinon
and anti-spinon particle basis for the same TBA. Both the
studies of Ref. [12] and of this paper exclude the large spin
stiffness found in Ref. [9] for the XXX chain spin stiffness for
m = 0 and T > 0 in the TL.
On the other hand, we believe that the results of Ref. [4]
for the XXZ chain spin stiffness are correct, whereas those
Ref. [46] for the charge stiffness of the half-filled 1D Hubbard
are incorrect, despite apparently relying on the very same
TBA-based method. Indeed, preliminary results obtained by
the method used in this paper reveal that the charge stiffness of
the half-filled 1D Hubbard model vanishes for all temperatures,
in contrast to the predictions of Ref. [46]. Our method leads,
however, to the same result as Ref. [4] in what the XXX chain
spin stiffness is concerned.
The method used in Refs. [4,46] derives the stiffness
of solvable models from TBA equations in the presence a
uniform vector potential along the chain piercing the ring,
the stiffness being accessed through the second derivative
of the energy eigenvalues relative to the uniform vector
potential. After several manipulations, such a method leads
to a stiffness expression including separate integrals. Some of
such separate integrals of the individual summands occurring
in the integrands of Eq. (25) of Ref. [46] for the 1D Hubbard
model and in some of the integrands of Eqs. (24) and (25) of
Ref. [9] for the present model diverge at electronic density one
and zero spin density, respectively.
Our preliminary analysis of the above apparent inconsis-
tency provides strong evidence that in the TL the TBA-based
method used in Refs. [4,46] leads to a correct stiffness value at
finite temperature T > 0 for solvable models whose stiffness
is finite at T = 0, such as the spin stiffness of the spin-1/2
Heisenberg chain, and to an incorrect T > 0 stiffness value
for models whose stiffness vanishes at T = 0, such as the
charge stiffness of the half-filled 1D Hubbard model.
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APPENDIX A: DERIVATION OF THE GENERAL
EXPRESSION FOR THE EXPECTATION VALUE OF THE
SPIN CURRENT OPERATOR
Here, we derive the general expression for the expectation
value of the spin current operator, Eq. (54). In addition, the
validity of the stiffness expression, Eq. (18), is justified.
The response of the LWS energy eigenvalues Elr,S to an
external flux φ = AL whereA is the uniform vector potential
along the chain piercing the ring can be used to determine
the expression for this expectation value. Specifically, the
corresponding spin current expectation values of the φ = 0
system are exactly given by [41]
〈lr,S| ˆJ z|lr,S〉 = −∂Elr,S(φ/L)
∂(φ/L) |φ=0 . (A1)
We emphasize that the first derivative on the right-hand
side of this equation does not show any divergences of the
kind discussed in Sec. VII, which within the TBA emerge in
the stiffness expression when calculated by the corresponding
second derivative of the energy eigenvalues relative to the
uniform vector potential.
As is well known [41], despite the current’s 〈lr,S| ˆJ z|lr,S〉
being an expectation value rather than an eigenvalue of the
LWEMEs, the relation, Eq. (A1), allows the evaluation of an
exact expression for the spin current of such states. Indeed,
the model Hamiltonian in the presence of a uniform vector
potential,
ˆH = J
2
L∑
j=1
(
eiφ/L ˆS+j ˆS
−
j+1 + e−iφ/L ˆS+j+1 ˆS−j + 2 ˆSzj+1 ˆSzj
)
= J
π∑
k=−π
cos(k + φ/L) ˆS+k ˆS−k + J
L∑
j=1
ˆSzj+1 ˆS
z
j , (A2)
is solvable by the Bethe ansatz. The corresponding equations,
Eq. (A3), are of the form [41],
2 arctan(j ) = qj − 2φ
L
+ 1
L
∑
α =j
2 arctan
(
j − α
2
)
.
(A3)
Hence the effect of the uniform vector potential along the
chain piercing the ring is the overall uniform shift Ij →
Ij − φ/π of all j = 1, . . . ,(L + 2S)/2 successive integers
or half-odd integers quantum numbers Ij , Eq. (29), in the
momentum values qj = (2π/L) Ij , Eq. (28), whose occupancy
configurations generate the energy and momentum eigenstates.
This maps the φ = 0 rapidities j = (qj ) onto rapidi-
ties j = (qj − 2φ/L), whose dependence on qj − 2φ/L
remains exactly the same as that of the φ = 0 rapidities
j = (qj ) on qj .
A consequence of the effect of the uniform vector potential
being simply an overall uniform shift of the system quantum
numbers Ij , Eq. (29), is that the expression of the corre-
sponding n-band rapidities given in Eq. (30) remains valid.
As confirmed by the form of the finite-φ TBA equations given
below, for each n band, where n = 1, . . . ,∞ the effect of
the uniform vector potential is again an overall uniform shift
I nj → I nj − nφ/π of all j = 1, . . . ,Mbn successive integers
or half-odd integers quantum numbers I nj , Eq. (29). This
maps the φ = 0 rapidities nj = n(qj ) onto rapidities nj =
n(qj − 2nφ/L), whose dependence on qj − 2nφ/L is the
same as that of the φ = 0 rapidities nj = n(qj ) on qj .
Indeed and consistent with the results for the related 1D
Hubbard model [45], after some straightforward algebra, one
finds that the use of rapidities of the form (30) in the finite-φ
Bethe-ansatz equation, Eq. (A3), leads to the following n =
1, . . . ,∞ finite-φ TBA equations, which are a generalization
of those in Eq. (34),
kn(qj ) = qj − 2nφ
L
+ 1
L
∑
n′,j ′
Mn′ (qj ′)nn′
(
nj − n
′
j ′
)
,
(A4)
where
∑
(n′,j ′)=(n,j ). Moreover, the LWS energy eigenval-
ues remain of the form, Eq. (43), where now kn(qj ) =
2 arctan(n(qj )/n) and n(qj ) are the solutions of the finite-φ
TBA equations, Eq. (A4).
The combined use of Eqs. (43), (A1), and (A4) then
straightforwardly leads to the simple exact general spin current
operator expectation value expression, Eq. (54).
Both the energy eigenvalue, Eqs. (43), (48), and (49), and
the current operator expectation value can alternatively be
written in terms of the n-band discrete momentum values
qj , as given in Eq. (55), its corresponding continuum n-band
momentum variable q ∈ [−qbn,qbn ], or the rapidity variable
 ∈ [−∞,∞]. Hence in the following we provide further use-
ful information on the distributions that relate such alternative
variable representations.
As discussed in Sec. III A, each LWEME is uniquely de-
fined by the following n = 1, . . . ,∞ set of alternative n-band
rapidity momentum variable k and n-band rapidity variable ,
respectively, “particle” and “hole” distribution functions,
Nn(k) = Mn(qn(k)), k ∈ [−kb,kb] ,
Nhn (k) = Mhn (qn(k)), k ∈ [−kb,kb] , (A5)
˜Nn() = Mn(q˜n()),  ∈ [−∞,∞] ,
˜Nhn () = Mhn (q˜n()),  ∈ [−∞,∞] .
Unlike the level separation qj+1 − qj = 2π/L of the j =
1, . . . ,Mbn n-band momentum values qj , for a large finite
system, the separations knj+1 − knj and nj+1 − nj of the j =
1, . . . ,Mbn rapidity momentum values knj and related rapidity
values nj , respectively, are mS dependent:
qj+1 − qj = 2π
L
, j = 1, . . . ,Mbn ,
knj+1 − knj =
2π
L
1
2πσbn
(
knj
) , j = 1, . . . ,Mbn , (A6)
nj+1 − nj =
2π
L
1
2πρbn
(
nj
) , j = 1, . . . ,Mbn .
Here the distributions 2πσbn (k) and 2πρbn() are the derivatives
in Eq. (46).
It is useful to consider related “particle” and “hole” distri-
butions 2πσn(k) and 2πσhn (k) [and 2πρn() and 2πρhn ()],
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respectively, such that
2πσbn (k) = 2πσn(k) + 2πσhn (k) ,
2πσn(k) = Nn(k) 2πσbn (k) ,
2πσhn (k) = Nhn (k) 2πσbn (k) , (A7)
2πρbn() = 2πρn() + 2πρhn () ,
2πρn() = ˜Nn() 2πρbn() ,
2πρhn () = ˜Nhn () 2πρbn() .
From the use of Eq. (44) we find that the distributions
2πσbn (k) and 2πρbn(), Eq. (46), obey the equations
2πσbn (k) = 1 −
n
4π cos2(k/2)
∞∑
n′=1
∫ kb
−kb
dk′ 2πσn′(k′)
×[1]n n′(n tan(k/2) − n′ tan(k′/2)) (A8)
and
2πρbn() =
2n
n2 + 2 −
1
2π
∞∑
n′=1
∫ ∞
−∞
d′ 2πρn′ (′)
×[1]n n′( − ′) , (A9)
respectively, where [1]n,n′ (x) is its derivative of the function
n,n′ (x), Eq. (36),

[1]
n,n′ (x) =
dn,n′ (x)
dx
= δn,n′
[
1
n
(
1 + ( x2n)2) +
n−1∑
l=1
2
l
(
1 + ( x2l )2)
]
+ (1 − δn,n′ )
⎡
⎣ 2
|n − n′|(1 + ( x|n−n′ |)2)
+
n+n′−|n−n′ |−2
2∑
l=1
4
(|n − n′| + 2l)(1 + ( x|n−n′ |+2l )2)
+ 2
(n + n′)(1 + ( x
n+n′
)2)
]
. (A10)
The distribution 2πσb(kj ) in the related spin current
expression, Eqs. (75) and (76), obeys the equation
2πσb(kj ) = 1 − 12L cos2(kj/2)
×
(L−2S)/2∑
α=1
2πσ (kα)
1 + ( tan(kj /2)−tan(kα/2)2 )2 . (A11)
Finally, we justify why in the TL spin stiffness expression,
Eq. (18), simplifies for T > 0 to that given in Eq. (19). As
discussed in Sec. II, in the TL, it has different expressions
at T = 0 and for T > 0, respectively. In this paper we
are interested in finite temperatures for which the stiffness
expression, Eq. (18), simplifies in the TL, provided that
one chooses the energy eigenstates to be also momentum
eigenstates.
The part of such a stiffness expression that involves
off-diagonal matrix elements connecting degenerate energy
and momentum eigenstates may then be written in terms
of quantities associated with the response of the energy
eigenvalues 
ν to an external flux as follows:
1
2T L
∑
ν
pν
∑
ν′ =ν
(
ν=
ν′ )
|〈ν| ˆJ z|ν ′〉|2 = 1
2L
∂2F
∂(φ/L)2 |φ=0
− 1
2T L
(∑
ν
pν
∂
ν
∂(φ/L) |φ=0
)2
, (A12)
where F is the free energy. The vanishing in the TL of the
persistent currents [43] implies that ∂2F
∂(φ/L)2 |φ=0 = 0 in that
limit, so that the first term on the right-hand side of Eq. (A12)
exactly vanishes. Furthermore, by summing over momentum
k and −k subspaces the second term on the right-hand side of
that equation vanishes by symmetry [2,42]. Hence in the TL
the stiffness term, Eq. (A12), vanishes for T > 0, so that the
spin stiffness is given by its term involving diagonal matrix
elements, Eq. (18).
APPENDIX B: THE UPPER BOUND OF THE LARGEST
ABSOLUTE VALUE OF THE SPIN CURRENT IN THE
FIXED-S SUBSPACE
The main goal of this Appendix is to justify within the
TBA the validity of the inequality involving the upper bound
of the largest absolute value of the spin current in a fixed-S
subspace, Eq. (70). That this inequality prevails under the
string deformations, as given in Eq. (77), is an issue addressed
in Sec. V B.
Our analysis uses overestimation procedures for the ab-
solute values |Jmax(mS,{mn})| to show that they obey the
inequality, Eq. (70). In contrast, we use an overestimate-free
treatment for the type (2) reduced absolute value of the spin
current in the subspace and find that it obeys such an inequality.
This confirmation is important, since that absolute value is the
largest of the set of reduced subspaces absolute values of the
spin current |Jmax(mS,{mn})| of any fixed-S subspace.
The upper bound, Eq. (71), on the right-hand side of the
inequality, Eq. (70), remains unchanged under our overestima-
tion procedures, whereas the reduced-subspace largest abso-
lute values of the spin current |Jmax(mS,{mn})| of each fixed-S
subspace on its left-hand side are replaced by controlled
overestimated values. Such overestimates are, for instance,
the following.
(i) Replacing the absolute value of the elementary currents
jn(qj ), Eq. (56), in the spin current expressions, Eqs. (55) and
(66), by their maximum absolute value jmaxn , Eq. (73), for the
whole compact momentum qj intervals of Eqs. (58) and (59).
(ii) Further replacing the maximum absolute values jmaxn in
the overestimated spin current expressions obtained in (i) by
their upper bounds Jmaxn , Eq. (74).
(iii) When Mhn < Mn for n > 1, replacing Jmaxn Mhn by
Jmaxn Mn, which refers to a further overestimation of the spin
currents obtained in (i) and (ii). Indeed, the compact and
asymmetrical momentum qj intervals of Eqs. (58) and (59) are
such that for Mhn < Mn and Mhn > Mn the Mhn n-band holes
165133-16
VANISHING SPIN STIFFNESS IN THE SPIN- 12 . . . PHYSICAL REVIEW B 92, 165133 (2015)
and Mn n-band pseudoparticles, respectively, that contribute to
the current have momentum values with the same sign. If when
Mhn < Mn one uses the Mn n-band pseudoparticles as current
carriers, some of them have opposite momentum sign. Hence
replacing Jmaxn Mhn by Jmaxn Mn corresponds to an overesti-
mation within which one considers that all Mn > Mhn n-band
pseudoparticles have momentum values with the same sign.
That the inequality, Eq. (70), refers to the largest spin
current absolute value |Jmax(mS,{mn})| of the reduced
subspaces of a given fixed-S subspace simplifies our analysis.
This follows from the corresponding n-bands qj occupancy
configuration being compact, as for a ground state. As
discussed in Sec. IV A, in the TL the largest absolute value of
the spin current |Jmax(mS,{mn})| of reduced subspaces with
different values for the set of densities {mn} but the same values
for the four densities in Eq. (60) have quite similar values.
The corresponding overestimated reduced-subspace largest
absolute values of the spin current used in our analysis have
exactly the same value for such reduced subspaces. Indeed,
they depend on the energy and momentum eigenstates set of
densities {mn} through the sum rules, Eqs. (32), (42), and (61).
Hence their dependence on such densities occurs only through
the four densities in Eq. (60), which greatly simplifies our
analysis. The four such densities are in turn fully determined by
the three densities mS ∈ [0,1], mh1 ∈ [0,1], and m1 ∈ [0,1/2].
The validity of the fixed-S subspace largest absolute value of
the spin current inequality, Eq. (70), is thus justified in the
following for the several ranges of the latter densities.
Moreover, the partial virtual current canceling mechanism
discussed in Sec. IV B, whose effects remain important for S ∈
[0,S∗], is accounted for by using the exact expression, Eq. (66),
for the spin currents. Such a virtual current canceling mecha-
nism is encoded in the n = 1, . . . ,∞ TBA equations, Eq. (34),
and corresponding general spin-current expression Eqs. (54)–
(56) whose solution leads to it. However, the overestimates of
the largest absolute value of the spin current of the reduced
subspaces (i)–(iii) enhance the absolute values of the currents
of both theS = 0 andS > 0 energy and momentum eigenstates
as given by Eq. (55). The use of such overestimates in the
spin current expression, Eq. (66), for states with spin in the
range S ∈ [0,S∗] ensures that the currents of the corresponding
S = 0 partner states, as defined in Sec. IV B, vanish.
The overestimates (i) and (ii) are stronger when the n-
band momentum width of the compact and asymmetrical
momentum qj intervals of Eqs. (58) and (59) is larger. Indeed,
increasing the momentum width enhances the distance of an
increasing number of momentum values qj from the momen-
tum q∗n at which the n-band elementary current absolute value
|jn(qj )| is maximum and given by jmaxn = |jn(q∗n )|, Eq. (73).
The two currents 〈 ˆJ z(S,{qhj },{qnα})〉 and 〈 ˆJ z(0,{qhi },{qnα})〉
on the right-hand side of Eq. (66) of the S > 0, S = 0
partner states as defined in Sec. IV B have n = 1
band hole occupancies whose momentum widths are
2π mh1 = 2π mS + 2π mh,01 and 2π mh,01 , respectively. This,
in the absence of overestimates of the current expression (66),
is exact for energy and momentum eigenstates with spin in
the range S ∈ [0,S∗], and the fact that the n = 1 band hole
compact distribution momentum width 2π mh1 > 2π m
h,0
1
of the current term 〈 ˆJ z(S,{qhj },{qnα})〉 is larger than that
of the term 〈 ˆJ z(0,{qhi },{qnα})〉 ensures that the use of
the overestimations (i)–(iii) on that current expression
corresponds to an overestimation of the overall S > 0 spin
current 〈 ˆJ z(S)〉 = 〈 ˆJ z(S,{qhj },{qnα})〉 − 〈 ˆJ z(0,{qhi },{qnα})〉,
Eq. (66).
1. Ranges 1: mS ∈ [0,m∗S], mh1 ∈ [mS,1], m1 ∈ [0,1/2]
In this case, one has that Mh1  M1. In this mS range, the
maximum value m∗S , Eq. (64), may be written as m∗S = 23 (m01 −
m
h,0
1 ) where the densities m01 and mh,01 are defined in Eq. (63).
The use of the overestimates (i) and (ii) in the exact current
expression, Eq. (66), with the two terms on its right-hand
side determined by Eq. (55) leads to the following expression
for the reduced-subspace largest absolute values of the spin
current |Jmax(mS,{mn})| of fixed-S subspaces with spin in the
range S ∈ [0,S∗],
|Jmax(mS,{mn})|OE = Jmax1 LmS +
(
Jmax1 − Jmax,01
)
Lm
h,0
1
+
∞∑
n=2
(
Jmaxn − Jmax,0n
)
Lmn , (B1)
where the index OE stands for overestimated and Jmax,01 and
Jmax,0n are the maximum upper bounds of the largest absolute
value of the elementary current in Eq. (74) for mS = 0.
From the use of the sum rule, Eq. (61), and Jmax1 and Jmaxn
expressions, Eq. (74), the overestimated spin current, Eq. (B1),
may be rewritten as
|Jmax(mS,{mn})|OE
= J
2
sin
(
π
(
mS + mh,01
))
mS + mh,01
LmS
+ J
2
[
sin
(
π
(
mS + mh,01
))
mS + mh,01
− sin
(
πm
h,0
1
)
m
h,0
1
]
Lm
h,0
1
+ 2J mBps LmS . (B2)
To reach this expression, we used the simple result Jmaxn −
Jmax,0n = 2J mS for n > 1, which follows from Jmaxn = 2J mbn
and mbn = mS + mn +
∑∞
n′=n+1 2(n′ − n)mn′ .
For the present ranges, the inequality, Eq. (70), is under our
overestimation procedure given by
|Jmax(mS,{mn})|OE < J L (1 − mS) sin(πmS) , (B3)
where |Jmax(mS,{mn})|OE stands for the overestimated ab-
solute value of the spin current, Eq. (B2). This inequality
is satisfied for the present mS ∈ [0,m∗S], mh1 ∈ [mS,1], and
m1 ∈ [0,1/2] ranges. Its validity is illustrated in the following
for several mS , mh1, and m1 subranges.
For mh1 = mS + mh,01  1 and thus m1 ≈ 1/2, the overes-
timated absolute value of the spin current, Eq. (B2), simplifies
to
|Jmax(mS,{mn})|OE = J
(
π
2
+ 2mBps
)
LmS , (B4)
whereas for mS  1 the upper bound, Eq. (71), reads
J UBmax(mS) = Jπ LmS , as given in Eq. (72). Hence the in-
equality, Eq. (B3), is equivalent to π > π2 + 2mBps. Since
165133-17
J. M. P. CARMELO, T. PROSEN, AND D. K. CAMPBELL PHYSICAL REVIEW B 92, 165133 (2015)
2mBps = 1 − mh,01 − 2m01 and for mh1 = mS + mh,01  1 one
has that 1 − 2m01  1, this inequality holds true.
Next, we consider that both mS  1 and mS  mh,01 . In
this case, the overestimated absolute value of the spin current,
Eq. (B2), reads
|Jmax(mS,{mn})|OE = J
(
π
2
cos
(
π m
h,0
1
)+ 2mBps
)
LmS ,
(B5)
so that the inequality, Eq. (B3), leads to π > π2 cos(π mh,01 ) +
2mBps. From m01  0, we find 2mBps  (1 − mh,01 ) ∈ [0,1], so
that this inequality is again obeyed.
For any fixed mh,01 value, the overestimated absolute value
of the spin current, Eq. (B2), is an increasing function of mS . In
the present interval mS ∈ [0,m∗S], it thus reaches its maximum
value at mS = m∗S . Its absolute maximum value is reached
when m∗S is largest and given by m∗S = 1/3. From m∗S =
2
3 (m01 − mh,01 ), we find this occurs both when mh,01 → 0 and
m01 → 1/2 and for mh,01 → 1 and m01 → 0. In these two limits,
one has that mBps → 0 and the overestimated absolute value of
the spin current, Eq. (B2), merely reads |Jmax(mS,{mn})|OE =
J (√3/4)L ≈ 0.4330 JL, whereas at mS = 1/3 the upper
bound, Eq. (71), is given by J UBmax(mS) = J (1/
√
3)L ≈
0.5774 JL. Hence again the inequality (B3) is obeyed.
2. Ranges 2: mS ∈ [m∗S,1], mh1 ∈ [mS,1], m1 ∈ [0,1/2]
For these ranges one has that Mh1  M1. From the use of
the overestimates (i) and (ii) in the spin current expression,
Eq. (55), one finds the following general expression for the
reduced-subspace largest absolute values of the spin current
|Jmax(mS,{mn})| of fixed-S subspaces with spin in the interval
S ∈ [S∗,L/2],
|Jmax(mS,{mn})|OE = Jmax1 Lm1 +
∞∑
n=2
Jmaxn Lmn . (B6)
An absolute value of the spin current overestimate
beyond those in (i)-(iii) refers to replacing in Jmaxn =
2J mbn, Eq. (74) for n > 1, the density mbn by mh1  mbn.
[Here, mbn = mS + mn +
∑∞
n′=n+1 2(n′ − n)mn′ and mh1 =
mS +
∑∞
n=2 2(n − 1)mn.] Such a replacement along with the
use of the sum rules, Eqs. (32), (42), and (61), leads after
some straightforward manipulations to the following further
overestimated expression for the reduced-subspace largest
absolute values of the spin current,
|Jmax(mS,{mn})|OE = 12Jmax1 L (1 − mS) − J Lmh1
(
mh1 − mS
)
− (Jmax1 − 2J mh1)LmBsp . (B7)
For the present ranges inequality (70) is with our overesti-
mation procedure given by
|Jmax|OE < J L (1 − mS) sin(πmS) , mS ∈ [0,1/2] ,
(B8)
 J L (1 − mS) , mS ∈ [1/2,1] ,
where |Jmax|OE stands for the overestimated absolute value
of the spin current, Eq. (B7). This inequality is obeyed for the
ranges mS ∈ [m∗S,1], mh1 ∈ [mS,1], and m1 ∈ [0,1/2] under
consideration. Its validity is illustrated below for several
subranges.
For the subranges mS ∈ [m∗S,1/2] and mh1 ∈ [mS,1/2], it
is enough to show that the first term in the overestimated
expression, Eq. (B7), is smaller than the upper bound,
Eq. (71). The remaining terms are negative and that term is
indeed smaller than that upper bound. The inequality, Eq. (B8),
then becomes equivalent to sin(πmh1)/(4m11) < sin(π mS)
This inequality is obeyed in the present subranges. For
instance, at the subrange maximum mh1 value, mh1 = 1/2,
the term on its left-hand side reads 1/2. For mh1 = 1/2, one
has that mS = 1/6 + m∗S + 2mBps/3 < 1/2. Since both m∗S > 0
and mBps > 0 for mh1 = 1/2, the inequality sin(πmh1)/(4m11) <
sin(π mS) term sin(π mS) has values in the range 1/2 <
sin(π mS) < 1, so that it is obeyed. On the other hand, the
maximum value of the term on that inequality left-hand side
is reached at mh1 = m∗S = 1/3. Then the inequality, Eq. (B8),
reduces to 3/4 < 1 and is again obeyed.
For the subranges mS ∈ [m∗S,1/2] and mh1 ∈ [1/2,1], one
must account for all terms in the overestimated expression,
Eq. (B7). Since Jmax1 = 2J mh1 for mh1 ∈ [1/2,1], as given in
Eq. (74), the |Jmax(mS,{mn})|OE expression simplifies to
|Jmax(mS,{mn})|OE = J Lmh1
(
1 − mh1
)
. (B9)
After some trivial algebra, inequality (B8) is found to be
equivalent to
mh1
(
1 − mh1
)
< (1 − mS) sin(π mS) . (B10)
This inequality is again obeyed in the subranges under con-
sideration. The maximum value of the term on its left-hand side
is reached at mh1 = 1/2 and reads 1/4. For mh1 = 1/2, one has
as above that mS = 1/6 + m∗S + 2mBps/3 < 1/2. The term on
the right-hand side of the inequality, Eq. (B10), has then values
such that 5/12 < (1 − mS) sin(π mS) < 1/2, which are larger
than the maximum value, 1/4, of the term on its left-hand side.
Finally, for the subranges mS ∈ [1/2,1] and mh1 ∈ [1/2,1],
inequality (B8) is equivalent to(
1 − mh1
)
 (1 − mS) , (B11)
which since mh1 = mS +
∑∞
n=2 2(n − 1)mn is satisfied.
3. The largest absolute value of the spin current inequality for
the type (2) reduced subspace
The inequality (70) is within the TBA obeyed by the
overestimated largest absolute values of the spin current,
Eqs. (B2) and (B7), for the whole ranges mS ∈ [0,1], mh1 ∈
[mS,1], and m1 ∈ [0,1/2] and corresponding sets of densities
{mn}, which contribute to it through the sum rules, Eqs. (32),
(42), and (61). Hence it is as well obeyed by the corresponding
reduced subspace largest absolute values of the spin current.
From manipulations of the simplified TBA equations,
Eqs. (58) and (59), and current expression, Eqs. (54)–(56), one
finds that for each fixed-S subspace the current absolute value
|Jmax(mS,{mn})| reaches its maximum value |Jmax(mS,0)| for
the type (2) reduced subspace for which all spin-singlet pairs
are unbound and thus Mps = M1 = Msp = (L − 2S)/2 and
Mn = 0 for n > 1.
This can be also confirmed by the above current overesti-
mation procedures (i) and (iii) provided we do not implement
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(ii) and thus do not replace the maximum absolute values jmaxn
by their upper bounds Jmaxn , Eq. (74).
The solution of the TBA equations, Eqs. (58) and (59),
for the compact and asymmetrical momentum qj intervals
corresponding to largest current absolute values is simplified
for this reduced subspace. Indeed, for it, these n = 1, . . . ,∞
coupled integral equations become a single equation. This
equation is associated with the n = 1 band, which is the only
n-band with finite pseudoparticle occupation.
Using the solution of that single equation in the current
expression, Eqs. (54)–(56), one finds that for mS ∈ [0,1]
the current absolute value |Jmax(mS,0)| can be written as
JC(mS)L. Here the coefficient C(mS) is an L-independent
function of mS ∈ [0,1] with a single maximum at an interme-
diate mS value. It vanishes both in the mS → 0 and mS → 1
limits as C(mS) = π2 mS and C(mS) = (1 − mS), respectively,
the corresponding |Jmax(mS,0)| limiting behaviors being
|Jmax(mS,0)| = JLπ2 mS , mS  1 ,
= JL(1 − mS) , (1 − mS)  1 . (B12)
Except in these limits, this reduced subspace largest absolute
value of the spin current is an O(L) object.
In both the mS  1 and the (1 − mS)  1 limits it
behaves as |Jmax(mS,0)| = (1 − mps)J UBmax(mS) and thus
|Jmax(mS,0)| = 12 (1 + mS)J UBmax(mS), as confirmed from com-
parison of the expressions in Eq. (72) for J UBmax(mS) and in
Eq. (B12) for |Jmax(mS,0)|. For intermediate mS ∈ [0,1] val-
ues, the spin current absolute value |Jmax(mS,0)| = JC(mS)L
remains being very close to 12 (1 + mS)J UBmax(mS).
Since 12 (1 + mS) < 1 for mS < 1, the current absolute
value |Jmax(mS,0)| obeys inequality (70). The factor 12 (1 +
mS) in |Jmax(mS,0)| ≈ 12 (1 + mS)J UBmax(mS) increases upon
increasing mS from 12 for mS  1 to 1 as mS → 1. This
overestimation-free result that |Jmax(mS,0)| obeys inequality
(70) for mS ∈ [0,1] is consistent with the results of our
overestimation procedures. Indeed, |Jmax(mS,0)| is the largest
of the set of reduced subspaces absolute values of the spin
current |Jmax(mS,{mn})| of any fixed-S subspace with spin in
the range S ∈ [0,L/2].
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